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 a b s t r a c t

Graphs serve as a powerful representation for the networked structure of connected data and are widely applied 
in domains such as social systems, ecosystems, biological networks, knowledge graphs, and information systems. 
With the advancing integration of graph learning technologies and cognitive sciences, Graph Concept-cognitive 
Learning (GCCL) has emerged as a novel paradigm, merging Concept-cognitive Learning (CCL) with graph analy-
sis. This paper provides a comprehensive overview of GCCL, presenting its foundational framework and detailing 
methods for integrating concept-cognitive learning into various graph representations. These representations en-
able tasks such as graph structure analysis, knowledge discovery, and graph classification. Furthermore, the 
paper explores key application domains, including social networking analysis, knowledge graph reasoning, and 
combinatorial optimization, while introducing datasets and simulation platforms tailored for GCCL research. Fi-
nally, we discuss promising research directions, positioning GCCL as a transformative approach in the broader 
field of graph learning.

1.  Introduction

Graph data plays a pivotal role in modern data analysis and com-
putational applications, enabling more efficient and intuitive ways to 
represent relationships between entities. Unlike traditional tabular data, 
graph data structures model complex, interconnected systems by defin-
ing nodes (i.e, objects) and edges (i.e, relationships). Graph data min-
ing and analysis exhibits crucial practical values in various fields such 
as social network analysis [1], recommendation systems [2], fraud de-
tection [3], and bioinformatics [4], where understanding the interplay 
between entities is essential. With the increasing volume and complexity 
of data in various industries, the ability to harness graph data for pat-
tern recognition, prediction, and optimization has become a powerful 
tool in advancing technology and decision-making processes.

Graph learning models have gained significant attention for their 
ability to capture complex relationships in data represented as graphs 
[5,6]. The existing graph learning methods mainly include the deep 
learning method based on graph convolution network and the graph 
contrastive learning method based on self-supervised learning. Graph 
convolution networks (GCNs) [7,8] are one of the core methods of graph 
learning. Its basic idea is to aggregate and update features on graph 
structure through message passing mechanism. The core of GCN is to 
use the graph’s adjacency matrix and node feature matrix to aggre-
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gate information from neighbor nodes into the target node via a con-
volutional operation, thereby learning node representation. Graph con-
trastive learning [9,10] is also an important research direction in the 
field of graph learning in recent years, which belongs to self-supervised 
learning. The core idea is to use unlabeled graph data to generate super-
vision signals by constructing a comparative task, so as to learn a high-
quality graph representation. These models excel in various tasks like 
node classification [11,12], link prediction [13,14], and graph classifica-
tion [15,16]. GNNs leverage message-passing mechanisms to aggregate 
information from neighboring nodes, allowing them to model relational 
data effectively [17]. However, GNNs often struggle with scalability as 
they require high memory and computational resources for large-scale 
graphs. Additionally, they suffer from over-smoothing, where increasing 
the number of layers leads to indistinguishable node embeddings, and 
its poor interpretability is caused by “black box” characteristic. Further-
more, GNNs may be sensitive to noisy or incomplete graph structures, 
impacting model robustness. Improving scalability, depth capability, 
and robustness to noise has become active research areas of research 
in graph learning.

Concept-Cognitive Learning (CCL) [18–21] is a new cross-research 
content in Artificial Intelligence, which is formed by formal concept 
analysis [22], rough set [23], granular computing [24], and cognitive 
computing [25]. Moreover, CCL refers to learning concepts from given 
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$c_i$


$d_j$


$CP = \mu _{ij} + \mu _{ji} - 1 (CP \in [-1, 1])$


$r(c_i, d_j): c_i \xrightarrow [\text {}]{\mu _{ij}} d_j$


$r(d_j, c_i): d_j \xrightarrow [\text {}]{\mu _{ji}} c_i$


$c_i$


$d_j$


\begin {equation*}CP_E(r_{ij})=1-\frac {1}{log_2^K}(-\mu _{ij}log_2\mu _{ij}-\mu _{ji}log_2\mu _{ji}).\end {equation*}


$K$


$K = 2$


$CP_E(r_{ij})=1+ \mu _{ij}log_2\mu _{ij}+\mu _{ji}log_2\mu _{ji})$


$r_{ij_1}: \mu _{ij_1}=1.0, \mu _{j_1i}=0.2$


$r_{ij_2}: \mu _{ij_2}=0.6, \mu _{j_2i}=0.6$


$r_{ij_1}$


$r_{ij_2}$


$CP(r_{ij_1}) = CP(r_{ij_2})$


\begin {equation*}CP(r_{ij_1})=\mu _{ij_1}+\mu _{j_1i}-1=1.0+0.2-1=0.2,\end {equation*}


\begin {equation*}CP(r_{ij_2})=\mu _{ij_2}+\mu _{j_2i}-1=0.6+0.6-1=0.2.\end {equation*}


$CP(r_{ij_1}) = CP(r_{ij_2})$


$r_{ij_1}$


$r_{ij_2}$


\begin {equation*}CP_E(r_{ij_1})=1-\frac {1}{log_2K}(-1 \times -log_2(1)-0.2 \times log_2(2))\end {equation*}


$\approx 1-0.464\approx 0.536,$


\begin {equation*}CP_E(r_{ij_2})=1-\frac {1}{log_2K}(-0.6 \times -log_2(0.6)-0.6 \times log_2(0.6))\end {equation*}


$\approx 1-0.884\approx 0.116.$


$r_{ij_1}$


$c_i$


$j_1$


$r_{ij_l}$


$r_{ij_q}\in R$


$CP(r_ij_l)=CP$


$CP_E(r_{ij_l})\leq CP_E(r_{ij_q})$


$CP_E(r_{ij_l})\geq CP_E(r_{ij_q})$


$r_{ij_l}$


$r_{ij_q}\in R$


$CP(r_ij_l)=CP$


$\mu _{ij_l}=\mu _{ij_q}$


$\mu _{j_li}=\mu _{j_qi}$


$CP_E(r_{ij_l})=CP_E(r_{ij_q})$


$r_{ij_l}$


$r_{ij_q}\in R$


$CP_E(r_ij_l)=CP_E(r_ij_q)$


$CP(r_{ij_l})=CP(r_{ij_q})$
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clues through specific cognitive models to reveal the systematic laws of 
human brain learning concepts. It should be pointed out that the spe-
cific forms of clues here can be diversified, such as some objects covered 
by the concept, incomplete features of the concept, incomplete concept 
information, and so on. Up to now, CCL has aroused the research inter-
est of many scholars and has established different CCL models [26–30]. 
These models are established by the axiomatic method and analysis of 
cognitive mechanisms, and they can explain the mechanism and pro-
cess of human brain learning concepts to a certain extent. In addition, 
many scholars have done relevant research to confirm that it has cer-
tain advantages to complete downstream tasks by CCL [31–37], so graph 
learning is no exception.

Graph Concept-cognitive Learning (GCCL) has emerged as an inno-
vative paradigm that organically fuses CCL with graph analysis [38–41]. 
As a powerful tool for describing network structures of connected data, 
graphs are widely applied in fields such as computational social sys-
tems, biological networks, and knowledge graphs. GCCL leverages this 
advantage and integrates the core logic of CCL simulating human cog-
nitive processes to learn and apply concepts through their extent and 
intent—into graph analysis frameworks. This integration not only pro-
vides a new theoretical system and technical support for pattern recogni-
tion [42], reasoning [43,44], cognitive memory enhancement [45], and 
decision-making in complex networks [46,47] but also enables more ac-
curate simulation of human cognitive mechanisms towards graph struc-
tures [48]. Therefore, GCCL exhibits tremendous potential in knowledge 
discovery, intelligent reasoning, and system optimization, opening up 
new research directions for the in-depth integration of artificial intelli-
gence and cognitive computing. Its specific applications range from en-
hancing graph classification and link prediction tasks to supporting con-
cept structure-enhanced graph federated learning in practical scenarios 
like traffic flow prediction, demonstrating broad application prospects 
in both academic research and industrial practices.

1.1.  Contributions and outline

The major contributions of this paper are summarized as follows.

• Graph representation with CCL: In order to adapt to CCL theory with 
graph data, we present the representation approaches for the undi-
rected graph, attributed graph, and uncertain graph, respectively. 
That is to say, the various graph can be represented with the differ-
ent graph formal contexts.

• Graph cognition with CCL: By combining FCA’s structured hierarchy 
of concepts with graph cognition, we pioneer a framework enables 
more interpretable, scalable, and adaptive graph learning systems. 
Technically, two equivalence relations between concept/concept sta-
bility and graph topology are established. With these equivalence re-
lations, we elaborate the concept cognition approaches for the undi-
rected graph, attributed graph, and uncertain graph, for further sup-
porting the graph concept-cognitive learning paradigm.

• Datasets and Platforms: To better facilitate the experimental research 
and validation on GCCL, we summarize the relevant benchmarking 
graph datasets as well as the existing simulation platforms or tool 
kits based on GCCL.

• Insights into future directions in GCCL: In addition to conducting a 
qualitative analysis of existing methods, we highlight potential re-
search directions in GCCL by outlining key open issues and related 
challenges.

The remainder of this article is organized as follows. The introduc-
tion to GCCL is given in Section 2. Section 3 presents the graph repre-
sentation approaches with CCL for undirected graph, attributed graph as 
well as uncertain graph, respectively. Then, the graph cognition mech-
anisms with CCL is presented in Section 4 via two equivalence relations 
between concept/concept stability and graph topology. The applications 
of graph CCL, datasets and platforms are examined in Sections 5 and 6. 

Some open challenges as well as future directions are discussed in Sec-
tion 7. Finally, Section 8 concludes the article. The overall framework 
of the is shown in Fig. 1.

2.  Graph concept-cognitive learning

Graph data is becoming more and more common in life, and its forms 
are diversified. This section first reviews the graph-related knowledge 
[39,49–52].

2.1.  Graph-related definitions

Definition 1  (Graph). A graph is normally represented as 𝐺 = (𝑉 ,𝐸), 
where 𝑉 = {𝑣1, 𝑣2,⋯ , 𝑣𝑛} is the set of vertices, and 𝐸 = {𝑒1, 𝑒2,⋯ , 𝑒𝑚}
denotes the set of edges, i.e., 𝐸 ⊆ 𝑉 × 𝑉 . The topology of 𝐺 can be 
formulated with an adjacency matrix 𝐴 ∈ ℝ𝑛×𝑛, in which 𝐴𝑖𝑗=1 iff
𝑒(𝑣𝑖, 𝑣𝑗 ) ∈ 𝐸. 

A graph is called to be connected if and only if it starts from a node, 
passes through one or more intermediate nodes, and can reach any other 
node. That is, there is a path between any two different nodes.
Definition 2  (Dynamic Graph). A dynamic graph can be represented 
as a sequence of graphs 𝐺𝑡 = (𝑉𝑡, 𝐸𝑡) where each graph 𝐺𝑡 is a snapshot 
of the graph at a given time 𝑡 ∈ {1, 2,⋯ , 𝑇 }. Formally, a dynamic graph 
is formulated as follows:
𝐺 = {𝐺1 = (𝑉1, 𝐸1), 𝐺2 = (𝑉2, 𝐸2),⋯ , 𝐺𝑇 = (𝑉𝑇 , 𝐸𝑇 )}, (1)

here, 𝑉𝑡 is the set of vertices at time 𝑡; 𝐸𝑡 ⊆ 𝑉𝑡 × 𝑉𝑡 is the set of edges at 
time 𝑡; 𝑇  is the total number of discrete time steps. 

An attributed graph is a graph that each vertex (node) and/or edge 
is associated with a set of attributes or features. These attributes can 
represent various characteristics of the nodes or edges, such as labels, 
numerical values, or categorical properties.
Definition 3  (Attributed Graph). An attributed graph is defined as 𝐺 =
(𝑉 ,𝐸,𝐗𝑉 ), where 𝑉  is the set of vertices, 𝐸 ⊆ 𝑉 × 𝑉  is the set of edges, 
and 𝐗𝑉 : 𝑉 → ℝ𝑑 assigns a 𝑑-dimensional attribute vector to each vertex. 

A fuzzy graph is an extension of classical graph theory that incorpo-
rates concepts from fuzzy set theory to represent uncertainty and partial 
relationships between elements.
Definition 4  (Fuzzy Graph). A fuzzy graph is defined as 𝐺 = (𝑉 ,𝐸, 𝜎, 𝜇), 
where 𝑉  is the set of vertices, 𝐸 ⊆ 𝑉 × 𝑉  is the set of edges, 𝜎 ∶ 𝑉 × 𝑉 →
[0, 1] denotes a membership function that assigns a value to each edge, 
representing the degree of connectivity or strength of the relationship 
between two vertices, and 𝜇 (𝜇 ∈ [0, 1]) indicates a membership function 
that assigns a value to each vertex, indicating the degree of membership 
or importance of the vertex. 
Definition 5  (Incomplete Graph). An incomplete graph can be repre-
sented as  = (𝑉 ,𝐸, 𝑝), where 𝑉  is the set of vertices, 𝑝 ∶ 𝐸 → {1, ?, 0} is 
a function that assigns the signs to the edges of the graph. 
Definition 6  (Node Centrality). The number of edges directly con-
nected to node 𝑥𝑖, and it also known as the number of nodes of node 
𝑥𝑖:

𝑐𝐷(𝑖) =
𝑁
∑

𝑗=1
𝑎𝑖𝑗 .

The node with the largest node centrality is the network center, and 
the above formula is the absolute centrality of the node. The relative cen-
trality of the node can also be obtained, that is, the ratio of the number 
of nodes of the node to the maximum possible total number of connec-
tions. The relative centrality of node 𝑥𝑖 can be expressed as:

𝑐
′

𝐷(𝑖) =
𝑐𝐷(𝑖)
𝑁 − 1

,
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Fig. 1. Research overview of GCCL.
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where 𝑁 denotes network size, and the maximum degree of any node 
is 𝑁 − 1. 
Definition 7  (Central Potential). 

𝑐
′

𝐷 =
∑𝑁

𝑖=1[𝑐𝐷𝑚𝑎𝑥
− 𝑐𝐷(𝑖)]

𝑁 − 1
,

where 𝑐𝐷max
= 𝑚𝑎𝑥{𝑐𝐷(𝑖)} denotes the largest value of the centrality of 

all nodes. The central potential reflects the importance difference within 
the network. The greater the 𝑐′𝐷, the greater the importance difference 
between nodes in the network. On the contrary, the importance differ-
ence between nodes in the network is small. 

2.2.  Concept-cognitive learning

Concept-Cognitive Learning (CCL) is a data analysis method devel-
oped in combination with fields such as machine learning and cognitive 
computing, based on Formal Concept Analysis. It is used to simulate 
the cognitive processes involved in memory [21], learning [53], think-
ing, and activation [54], and aims to represent high-level knowledge 
structures through concept analysis. CCL serves as an important tool for 
studying how different cognitive learning methods can represent and 
analyze conceptual structures.

Due to its ability to mimic human learning mechanisms from a con-
ceptual structure perspective, CCL has received widespread attention 
and research in recent years. The classic examples are listed as follows:

• Semantic analysis of images based on symbolic concept networks 
[55];

• Knowledge discovery using the conceptual structure-based abilities 
of CCL to uncover logical and decision relationships [56,57];

• Obtaining system information from an ontological perspective to ef-
fectively discover implicit needs and contradictions, while exploring 
natural language analysis based on ontology and three-way concept 
stability [58];

• Designing and implementing perceptual system models for formal 
contexts, utilizing CCL’s ability to discover and recognize knowledge 
in unknown domains [59];

• Social network analysis for social media mining and human behavior 
modelling [41,60–62].

The concept-cognitive process is a computational process based on the 
concept-cognitive system, using specific cognitive models such as gran-
ular computing system models and information similarity matching to 
obtain corresponding concepts from given clues. Its purpose is to simu-
late the brain’s concrete implementation of concept learning. As shown 
in Fig. 2, it represents the CCL process using multi-source heterogeneous 
data. The process begins with different data sources, each undergoing 
data transformation to convert raw data into a standardized form. From 
the standardized data, clues are extracted, which are then used to form 
individual sub-concepts. These sub-concepts, derived from the various 
data sources, are combined through concept-cognitive fusion, result-
ing in a unified and comprehensive resulting concept. This final con-
cept reflects the integration of knowledge from multiple heterogeneous 
sources, simulating the way humans process and learn concepts.

FCA as a typical concept-cognitive learning model, has been widely 
used for data analysis and mining [38]. Importantly, this methodology 
could efficiently characterize the relationships between objects and at-
tributes via formal concepts which are represented and formed with ob-
jects as well as attributes. Central to FCA are the notations of formal 
context, concept and concept lattice, thus this section mainly provides 
the basics of FCA.
Definition 8  (Formal Context). A formal context is formally repre-
sented as a three tuple, denoted by 𝐾 = (𝑉 ,𝐴, 𝐼), which is composed 
of a set of formal objects 𝑉 = {𝑣1, 𝑣2,⋯ , 𝑣𝑛}, a set of formal attributes 
𝐴 = {𝑎1, 𝑎2,⋯ , 𝑎𝑚} and the binary relation 𝐼 ⊆ 𝑉 × 𝐴 between objects 
and attributes. Here, if (𝑣𝑖, 𝑎𝑗 ) ∈ 𝐼 , then it implies that the object 𝑣𝑖 has 

Table 1 
A Formal Context.
 V/A 𝑎1 𝑎2 𝑎3 𝑎4 𝑎5

𝑣1 × × × ×
𝑣2 × × ×
𝑣3 ×
𝑣4 × × ×

the attribute 𝑎𝑗 ; and if (𝑣𝑖, 𝑎𝑗 ) ∉ 𝐼 , then it implies that 𝑣𝑖 does not have 
the attribute 𝑎𝑗 , where 𝑣𝑖 ∈ 𝑉  and 𝑎𝑗 ∈ 𝐴. We normally mark the pos-
sessing relation between objects and attributes with “×” or “1”, and the 
non-possessing relation between objects and attributes with “ ” or “0”. 
Definition 9  (Operators ↑ and ↓). For a given formal context 𝐾 =
(𝑉 ,𝐴, 𝐼), FCA methodology defines two key operators ↑ and ↓ for ex-
tracting the set of common attributes and the set of common objects, 
respectively. Formally, they are defined as:
𝑋↑ = {𝑎 ∈ 𝐴|∀𝑥 ∈ 𝑋, (𝑥, 𝑎) ∈ 𝐼}, (2)

𝐵↓ = {𝑥 ∈ 𝑉 |∀𝑎 ∈ 𝐵, (𝑥, 𝑎) ∈ 𝐼}, (3)

where 𝑋 ⊆ 𝑉  and 𝐵 ⊆ 𝐴. 
Definition 10  (Formal Concept). For a formal context 𝐾 = (𝑉 ,𝐴, 𝐼), 
if a pair (𝑋,𝐵) satisfies 𝑋↑ = 𝐵 and 𝐵↓ = 𝑋, then the pair (𝑋,𝐵) is a 
concept, where 𝑋 is the extent of the concept, and 𝐵 is the intent of the 
concept. 
Definition 11  (Super-concept and Sub-concept). Given a formal con-
text 𝐾 = (𝑉 ,𝐴, 𝐼), and two concepts 𝐶1 = (𝑋1, 𝐵1) and 𝐶2 = (𝑋2, 𝐵2). The 
partial order 𝐶1 ≤ 𝐶2 indicates that concept 𝐶2 is the super-concept of 
concept 𝐶1, and 𝐶1 is the sub-concept of 𝐶2. Formally, the following 
inequations holds.
(𝑋1, 𝐵1) ≤ (𝑋2, 𝐵2) ⇔ 𝑋1 ⊆ 𝑋2(⇔ 𝐵1 ⊇ 𝐵2), (4)

then, we call “≤” is a partial relation of 𝐶(𝐾). 
Definition 12  (Concept Lattice). Formally, a concept lattice, repre-
sented as 𝐿 = (𝐶(𝐾),≤), can be obtained by all formal concepts 𝐶(𝐾)
of a context 𝐾 with partial order “≤”. Its graphical representation is a 
Hasse diagram. 
Example 1. For a given formal context 𝐾 which contains 4 objects 
{𝑣1, 𝑣2, 𝑣3, 𝑣4} and 5 attributes {𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5}. The binary relations be-
tween objects and attributes are shown in Table 1.

By using concept lattice generation algorithm and lattice visualiza-
tion software Galicia 1, the corresponding concept lattice is shown in 
Fig. 3.

As can be seen from Fig. 3, each node indicates a formal concept 
including extent and intent, such as a concept ({𝑣1, 𝑣2, 𝑣4}, {𝑎1, 𝑎2}), the 
extent is {𝑣1, 𝑣2, 𝑣4} and intent is {𝑎1, 𝑎2}. It is interpreted as the objects 
{𝑣1, 𝑣2, 𝑣4} own the common attributes {𝑎1, 𝑎2}. These formal concepts 
follow the partial order within the concept lattice.

2.3.  The framework on graph concept-cognitive learning

Graph concept-cognitive learning (GCCL) is a special CCL paradigm 
on graph data. The core idea of GCCL is to implement the graph cogni-
tion tasks based on FCA, and further provide the relevant graph-related 
applications, such as social media mining, anomaly detection, commu-
nity discovery and knowledge graph.

Fig. 4 shows a GCCL framework which is divided into four layers 
from bottom to top, namely the representation layer, concept layer, cog-
nition layer, and application layer.

The specific functions of each layer are as follows:

1 http://www.iro.umontreal.ca/~galicia/
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Fig. 2. The principle of CCL.

Fig. 3. The concept lattice of formal context 𝐾.

• The representation layer is responsible for representing a given graph 
in the form of a modified adjacency matrix, which serves as the for-
mal context required by the FCA model.

• The concept layer is in charge of generating a concept lattice from 
the formal context. At this layer, the graph structure is represented 
in the form of concepts.

• The cognition layer is responsible for learning the implicit knowl-
edge hidden in the concept lattice, including intuitive knowledge 
that is easy to obtain, such as extent and intent, as well as hidden 
knowledge obtained through concept-cognitive learning metrics like 
concept interestingness.

• The application layer applies the concept cognition results from the 
cognition layer to various specialized application domains, such as 
structure recognition, social recommendation, and data mining.

3.  Graph representation with concept-cognitive learning

In this section, we mainly discuss the graph representation ap-
proaches with concept-cognitive learning for various graphs.

3.1.  Undirected graph representation with formal context

In this section, we will present the representation approaches for 
static graph and dynamic graph, respectively.

3.1.1.  Static graph representation
Generally, a static graph is represented as 𝐺 = (𝑉 ,𝐸) where 𝑉  indi-

cating the set of vertices and 𝐸 indicating the set of relationships be-
tween vertices. Note that, the vertices are regarded as both objects and 
attributes in the constructed formal context. Hence, a formal context 
of a static network can be formalized as 𝐾𝐺 = (𝑉 , 𝑉 , 𝐼) by the follow-
ing modified adjacency matrix, in which 𝐼 is the binary relationship 
between vertices [38,63].

Definition 13  (Modified Adjacency Matrix). Let 𝐺 be a graph with 𝑛
vertices that are assumed to be ordered from 𝑣1 to 𝑣𝑛. The 𝑛 × 𝑛 matrix 
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Fig. 4. The framework of GCCL.

𝐴′  is called a modified adjacency matrix, in which

𝐴
′
=

⎧

⎪

⎨

⎪

⎩

𝑎𝑖𝑗 = 1, if (𝑣𝑖, 𝑣𝑗 ) ∈ 𝐸,
𝑎𝑖𝑗 = 1, if 𝑖 = 𝑗,
𝑎𝑖𝑗 = 0, otherwise.

Hence, 𝐾𝐺 is equivalent to the modified adjacency matrix of 𝐺, i.e., 
𝐾𝐺 ≡ 𝐴′ . Besides, a formal context of a social network 𝐾𝐺 has the fol-
lowing properties.

• 𝐾𝐺 is symmetry. The social relationships between individual are re-
ciprocal, the relationships are naturally symmetry.

• All the diagonal elements are marked with “1”.

We would like to demonstrate the representation procedure for a 
given graph with formal context via the following Example 2.
Example 2. Fig. 5 shows a graph 𝐺 with vertices indicating ver-
tices and edges indicating the relationships between vertices, and a 
formal context of 𝐺 is constructed in Table 2 according to Defini-
tion 13.

3.1.2.  Dynamic graph representation
Thanks to the Triadic Formal Concept Analysis, the dynamic graph 

representation is represented as triadic formal context, i.e., 𝐾𝐺𝑡 =
(𝑉 , 𝑉 , 𝑇 , 𝐼), in which the set of vertices 𝑉  is regarded as both objects 

Fig. 5. A graph 𝐺.

and attributes, time 𝑇  is viewed as the condition, and 𝐼 denotes the 
connections between vertices at time 𝑇  [39,64]. For any two vertices 
𝑣𝑖, 𝑣𝑗 ∈ 𝑉 , if there exists a connection between them, then 𝐼(𝑣𝑖, 𝑣𝑗 )=1, 
otherwise, 𝐼(𝑣𝑖, 𝑣𝑗 )=0;

Information Fusion 133 (2026) 104304 

6 



F. Hao et al.

Table 2 
A Formal Context of Graph 𝐺.
 User 𝑣1 𝑣2 𝑣3 𝑣4 𝑣5 𝑣6 𝑣7

𝑣1  1  0  0  0  0  0  0
𝑣2  0  1  1  0  1  1  0
𝑣3  0  1  1  0  1  0  0
𝑣4  0  0  0  1  0  0  1
𝑣5  0  1  1  0  1  1  0
𝑣6  0  1  0  0  1  1  0
𝑣7  0  0  0  1  0  0  1

Table 3 
An Attribute Graph Formal Context (𝑉 ,𝐴,𝐴′, 𝐼).

 User 𝑣1 𝑣2 𝑣3 𝑣4 𝑣5 𝑣6 𝑣7 𝑎1 𝑎2 𝑎3 𝑎4 𝑎5

𝑣1  1  0  0  0  0  0  0  1  1  1  0  0
𝑣2  0  1  1  0  1  1  0  1  1  0  1  0
𝑣3  0  1  1  0  1  0  0  0  0  1  1  0
𝑣4  0  0  0  1  0  0  1  1  0  0  1  1
𝑣5  0  1  1  0  1  1  0  0  1  1  1  1
𝑣6  0  1  0  0  1  1  0  0  1  0  1  1
𝑣7  0  0  0  1  0  0  1  0  1  1  0  1

Table 4 
A Graph Formal Context.

𝐴′ ⋯ 𝐴𝐾 𝐴

 User 𝑣1 𝑣2 ⋯ 𝑣𝑛 ⋯ 𝑣1 𝑣2 ⋯ 𝑣𝑛 𝑎1 𝑎2 ⋯ 𝑎𝑚

𝑣1  1  0 ⋯  0 ⋯  0  0 ⋯  1  1  0 ⋯  1
𝑣2  0  1 ⋯  0 ⋯  1  0 ⋯  1  0  1 ⋯  1
⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯
𝑣𝑛  0  0 ⋯  1 ⋯  0  1 ⋯  0  0  1 ⋯  1

3.2.  Attributed graph representation with formal context

As mentioned above, an attributed graph is represented as 𝐺 =
(𝑉 ,𝐸,𝐴), where 𝑉  is the set of vertices, 𝐸 ⊆ 𝑉 × 𝑉  is the set of edges, 
and 𝐴: 𝑉 → ℝ𝑑 assigns a 𝑑-dimensional attribute vector to each vertex. 
Here, we express it in the form of formal context[65–67].
Definition 14  (Attributed Graph Formal Context). A quadruples 
(𝑉 ,𝐴,𝐴′, 𝐼) is an attributed graph formal context, where 𝑉 =
{𝑣1, 𝑣2,⋯ , 𝑣𝑛} denotes an object set, 𝐴 = {𝑎1, 𝑎2,⋯ , 𝑎𝑚} denotes an 
attribute set, 𝐴′ denotes a modified adjacency matrix between ob-
jects and the binary relation 𝐼 ⊆ 𝑉 × 𝐴 between objects and at-
tributes.

We also give an example to help understand attributed graph formal 
context.

Example 3. In Fig. 5, we suppose each object has its attribute infor-
mation, and 1–7 have attribute 𝑎1𝑎2𝑎3, 𝑎1𝑎2𝑎4, 𝑎3𝑎4, 𝑎1𝑎4𝑎5, 𝑎2𝑎3𝑎4𝑎5, 
𝑎2𝑎4𝑎5, 𝑎2𝑎3𝑎5, respectively. According to Definition 14, we can repre-
sent these information as an attributed graph formal context in Table 3. 

It can be simply understood from Table 3 that the graph formal con-
text is the simple splicing of the modified adjacency matrix and the for-
mal context.

Definition 14 only considers the first-order adjacency matrix. In or-
der to better mine the hidden information between them, the adjacency 
matrix can also be extended to the k-order case. Generally expressed as 
Table 4.

3.3.  Uncertain graph representation with formal context

This section is devoted to presenting the representation approaches 
for fuzzy graph and incomplete graph, respectively.

Fig. 6. A typical fuzzy graph.

Table 5 
The fuzzy formal context for Fig. 6.
 Node  A  B  C  D  E  F  G
 A  1  0.58  0  0  0  0  0.85
 B  0.58  1  0.63  0  0  0.75  0
 C  0  0.63  1  0.38  0.55  0.68  0
 D  0  0  0.38  1  0.95  0.25  0
 E  0  0  0.55  0.95  1  1.0  0
 F  0  0.75  0.68  0.25  1.0  1  0
 G  0.85  0  0  0  0  0  1

3.3.1.  Fuzzy graph representation with fuzzy formal context
Similar to the static graph representation, we take the nodes as the 

objects and attributes and adopt the fuzzy relation matrix 𝑅∗ to con-
struct the fuzzy formal context of the given fuzzy graph , denoted as 
𝐹𝐹𝐶() = (𝑉 , 𝑉 , 𝑅∗) [51].
Definition 15  (Fuzzy Relation). A fuzzy matrix 𝑅∗ = (𝑟𝑖𝑗 )𝑚×𝑛 is a matrix 
with dimension 𝑚 × 𝑛, if

𝑅∗ =

⎧

⎪

⎨

⎪

⎩

𝑟𝑖𝑗 = 𝜇(𝑒𝑖𝑗 ), if there exists an edge from 𝑣𝑖 to 𝑣𝑗 and 𝑖 ≠ 𝑗,
𝑟𝑖𝑗 = 1, if 𝑖 = 𝑗,
𝑟𝑖𝑗 = 0, otherwise,

(5)

where, 𝑟𝑖𝑗 = 𝜇(𝑒𝑖𝑗 ), i.e., 𝑟𝑖𝑗 is the degree of membership between 𝑣𝑖 and 
𝑣𝑗 . 

Hence, 𝐹𝐹𝐶() is equivalent to the fuzzy matrix of , that is to say 
𝐹𝐹𝐶() ≡ 𝑅∗.

Example 4. Fig. 6 shows a fuzzy graph containing 7 vertices and edges 
with degrees of membership. All vertices {𝐴,𝐵, 𝐶,𝐷,𝐸, 𝐹 ,𝐺} are con-
sidered as both objects and attributes, and the weight (membership) 
values on the edges are in fuzzy form. The relationship value between 
objects and attributes in the formal context. Finally, the fuzzy formal 
context construction of Fig. 6 is shown in Table 5.

3.3.2.  Incomplete graph representation with incomplete formal context
An incomplete graph can be represented as 𝐺𝑝 = (𝑉 ,𝐸, 𝑝), where 𝑉  is 

the set of vertices, 𝑝 ∶ 𝐸 → {1, ?, 0} is a function that assigns the signs to 
the edge of the graph. Obviously, the incomplete graph is quite different 
from the other types of graph, here is a natural question, is there any 
solution for representing the incomplete graph by formal context?
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Fig. 7. A typical incomplete graph.

Fortunately, Partially-known Concept Analysis methodology defines 
the incomplete formal context which can be well characterize the in-
complete graph [50,68].
Definition 16  (Incomplete Formal Context). An incomplete formal 
context can be represented as a 4-tuple 𝐼𝐾 = (𝑉 ,𝐴, {+, ?,−}, 𝐼), where 
𝑉 = {𝑥1, 𝑥2,⋯ , 𝑥𝑛} is a set of objects, 𝐴 = {𝑎1, 𝑎2,⋯ , 𝑎𝑚} is a set of at-
tributes, and 𝐼 is a mapping: 𝑂 × 𝐴 → {+, ?,−}. To be specific, 𝐼(𝑣, 𝑎) = +
indicates the object 𝑣 has the attribute 𝑎; 𝐼(𝑣, 𝑎) = − denotes the objects 
𝑣 does not have the attribute 𝑎; and 𝐼(𝑣, 𝑎) =? is unknown whether or 
not the object 𝑣 has the attribute 𝑎. In general, we write {+, ?,−} as 𝐸, 
then 𝐼𝐾 = (𝑉 ,𝐴, {+, ?,−}, 𝐼) is rewritten as 𝐼𝐾 = (𝑉 ,𝐴,𝐸, 𝐼). 

Similar with the approach for a graph representation based on FCA, 
an incomplete graph 𝐺𝑝 can be represented by the incomplete formal 
context of 𝐺𝑝 by taking the vertices as the objects and attributes, as 
well as the edges as the relations, namely 𝐼𝐾(𝐺𝑝) = (𝑉 , 𝑉 , {+, ?,−}, 𝐼), in 
which 𝐼 denotes the relations between two vertices. For convenience, we 
replace “+” and “-” with “1” and“0”, i.e., 𝐼𝐾(𝐺𝑝) = (𝑉 , 𝑉 , {1, ?, 0}, 𝐼).

To better understand how does it work for representing incomplete 
graph with incomplete formal context, the following example is given.
Example 5. Fig. 7 shows an incomplete graph including 15 vertices, 
and dotted lines refer to the uncertain links between vertices and solid 
lines are the links between vertices.

Technically, the vertices 𝑣1, 𝑣2,⋯ , 𝑣15 are taken as the objects and 
attributes, and the edges are viewed as the relations, in the constructed 
incomplete formal context as shown in Table 6.

Clearly, this incomplete formal context contains 12 notations “?”, 
that is to say, there exist 6 unknown edges in the 𝐺𝑝 since 𝐺𝑝 is an 
undirected graph.

4.  Graph cognition with concept-cognitive learning

In this section, we first present two important equivalence relations 
between concepts/concept stability and topology of graphs. Then, the 
methodologies on graph cognition tasks including key structures identi-
fication, link prediction, community detection and other graph-related 
applications in undirected graphs, directed graphs, and uncertain graphs 
are briefly elaborated.

4.1.  Equivalence between concepts and topology of graphs

To bridge two disciplines, i.e, Graph data mining and FCA techni-
cally, Hao et.al. [38] firstly introduced an important definition, called 

Fig. 8. Concept lattice of graph 𝐺.

Equiconcept, which has the same extent and intent. They proved that 
the Equiconcepts are equivalent to the cliques in the graph. It is also 
proved that all cliques detection is composed of basic cliques obtained 
from the equiconcepts as well as derived cliques obtained from other 
high-order equiconcepts. With these findings, Hao et al. [40] proved 
that the equiconcepts are exactly mapping to the maximal cliques in the 
graph.

Example 6. Let us take Fig. 5 as an example. The corresponding 
concept lattice is presented as shown in Fig. 8. Clearly, 4 equicon-
cepts ({𝑣4, 𝑣7}, {𝑣4, 𝑣7}), ({𝑣2, 𝑣5,6}, {𝑣2, 𝑣5, 𝑣6}), ({𝑣2, 𝑣3, 𝑣5}, {𝑣2, 𝑣3, 𝑣5}), 
({𝑣1}, {𝑣1}) are identified from the concept lattice of social network 𝐺
since their extent equals to intent. That is to say, we can easily obtain 
the maximal cliques, i.e., ({𝑣4, 𝑣7}, {𝑣4, 𝑣7}), ({𝑣2, 𝑣5, 𝑣6}, {𝑣2, 𝑣5, 𝑣6}), 
({𝑣2, 𝑣3, 𝑣5}, {𝑣2, 𝑣3, 𝑣5}), ({𝑣1}, {𝑣1}).

4.2.  Equivalence between concept interestingness and topology of graphs

In practice, real data sets may generate a large number of formal con-
cepts and contain noisy data, which limits the effective use of FCA tech-
nology. Concept interestingness is an important metric used to prune 
concept lattices and obtain accurate and effective information. The con-
cept interestingness mentioned in this paper includes stability and sep-
aration.

First, concept stability measures the degree of dependence of a con-
cept on some special objects in its extent set, that is, the probability that 
the intent of a concept remains consistent when the extent set of the con-
cept excluding some elements. The calculation of concept stability for a 
formal concept (𝐴,𝐵) requires traversing all subsets 𝑃  of the extension 
set 𝐴 in turn and checking whether the operation 𝑃 ↑ on it is equal to the 
intent set 𝐵. Gao et.al [69] proposed a novel approach for handling key 
structures identification tasks by concept interestingness. Specifically, 
they introduced stability and separation to interpret the hidden asso-
ciation between the concept and the key structures. Then, the mapping 
relations between particular concepts and key structures are proved and 
obtained as shown in Table 7, where 𝜎 is the intentional stability, that 
is, the probability of keeping the intent fixed in the case of disturbing 
the extent.
Example 7. Fig. 9 shows a simple graph including 15 vertices.

According to Definition 13, the following graph formal context (i.e., 
Table 8) can be easily constructed.
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Table 6 
Incomplete formal context of 𝐺𝑝:𝐼𝐾(𝐺𝑝) = (𝑉 , 𝑉 , {+, ?,−}, 𝐼).

𝑣1 𝑣2 𝑣3 𝑣4 𝑣5 𝑣6 𝑣7 𝑣8 𝑣9 𝑣10 𝑣11 𝑣12 𝑣13 𝑣14 𝑣15

𝑣1  1  1  ?  1  0  0  0  0  0  0  0  0  0  0  0
𝑣2  1  1  ?  ?  0  0  0  0  0  0  0  0  0  0  0
𝑣3  ?  ?  1  1  0  0  0  0  0  0  0  0  0  0  0
𝑣4  1  ?  1  1  1  0  0  0  0  0  0  0  0  0  0
𝑣5  0  0  0  1  1  1  1  0  0  0  0  0  0  0  0
𝑣6  0  0  0  0  1  1  1  0  0  0  0  1  0  0  0
𝑣7  0  0  0  0  1  1  1  0  0  0  0  0  0  0  0
𝑣8  0  0  0  0  0  0  0  1  ?  1  1  ?  0  0  0
𝑣9  0  0  0  0  0  0  0  ?  1  1  1  0  0  0  0
𝑣10  0  0  0  0  0  0  0  1  1  1  0  1  0  0  0
𝑣11  0  0  0  0  0  0  0  1  1  0  1  0  0  0  0
𝑣12  0  0  0  0  0  1  0  ?  0  1  0  1  0  0  0
𝑣13  0  0  0  0  0  0  0  0  0  0  0  0  1  1  1
𝑣14  0  0  0  0  0  0  0  0  0  0  0  0  1  1  ?
𝑣15  0  0  0  0  0  0  0  0  0  0  0  0  1  ?  1

Table 7 
The Mapping Relational Table.
 Key Structure  Concept (A, B)
 Maximal clique 𝐴 = 𝐵

 Isolated maximal clique 𝐴 = 𝐵, 𝜎 = 2|𝐴|−1
2|𝐴|

, 𝜉 = 1

 Bridge 𝐴 = 𝐵, 𝜎 = 0.25, 𝜉 ≤ 0.5
𝐴 = 𝐵, 𝜎 = 0.5, 𝜉 ≤ 2∕3

 Structural hole |𝐴| = 1, 𝜎 = 0.5, 𝜉 ≤ 0.5

𝜎: the intentional stability
|𝐴|: the element number of the object set
𝜉: the separation index

Fig. 9. A simple graph 𝐺.

4.3.  Graph structure analysis

Shi et al. [70] focused on investigating the relationships between 
structure of graphs and formal concepts and further providing alterna-
tive approach for graph topology analysis. The following are the details.

4.3.1.  Cliques detection
In graph theory, a clique represents a fundamental concept defined 

as a complete subgraph within an undirected graph. This cohesive struc-
ture requires that every pair of distinct vertices within it must be directly 
connected by an edge. The detection and analysis of cliques are com-
putationally challenging yet vital for understanding complex network 
properties, with practical applications extending to community detec-
tion in social networks, relationship prediction, and analysis of biologi-
cal systems such as protein interactions.

Definition 17  (Clique). In a graph 𝐺, a clique is a subset 𝑆 ⊂ 𝑉  such 
that for any two vertices 𝑣𝑖, 𝑣𝑗 ∈ 𝑆, there exists an edge (𝑣𝑖, 𝑣𝑗 ) ∈ 𝐸. Ob-
viously, a clique is a complete connected subgraph in the graph. 
Definition 18  (𝑘-Clique). In a graph 𝐺, a clique is a subset 𝑆 ⊂ 𝑉  and 
|𝑆| = 𝑘 such that for any two vertices 𝑣𝑖, 𝑣𝑗 ∈ 𝑆, there exists an edge 
(𝑣𝑖, 𝑣𝑗 ) ∈ 𝐸. 
Theorem 1  ([38]). Given a graph 𝐺, the 𝑘-cliques detection problem is 
equivalent to finding the set of 𝑘-equiconcepts from the concept lattice of 𝐺. 
Lemma 1. Let (𝐴,𝐵) be a 𝑘-equiconcept, the number of derived (𝑘-1)-
cliques from (𝐴,𝐵) equals 𝐶𝑘−1

𝑘 .

Example 8. In Example 2, we can easily find the four equiconcepts, i.e., 
({1}, {1}), ({4, 7}, {4, 7}), ({2, 5, 6}, {2, 5, 6}) and ({2, 3, 5}, {2, 3, 5}). Actu-
ally, in the social network 𝐺, these equiconcepts correspond to 1-
clique, 2-clique, 3-clique, and 3-clique, respectively. In fact, we can 
derive more 2-cliques from ({2, 5, 6}, {2, 5, 6}) and ({2, 3, 5}, {2, 3, 5}), 
such as ({2, 3}, {2, 3}), ({2, 5}, {2, 5}), ({2, 6}, {2, 6}), ({3, 5}, {3, 5}), and 
({5, 6}, {5, 6}). But, they are not concepts, thus they do not appear in the 
concept lattice of graph 𝐺.
Theorem 2. Given a graph 𝐺, all 𝑘-cliques detection is composed of follow-
ing parts: a) basic cliques are generated from the 𝑘-equiconcepts; b) remain-
ing cliques are derived from the (𝑘 + 1)-equiconcepts, (𝑘 + 2)-equiconcepts, 
⋯, 𝑀-equiconcepts. (𝑀 > 𝑘). 𝑀 is the number of maximum extent or intent 
of maximum equiconcepts. 

4.3.2.  Maximal cliques detection
The purpose of maximal clique detection is to enumerate all maxi-

mal cliques from a given graph. Importantly, enumerating the maximal 
clique has numerous potential applications in biology, chemistry, soci-
ology, and graph modeling [71,72].
Definition 19  (Maximal Clique [73]). A maximal clique is a clique that 
cannot be extended by including one more adjacent vertex. Formally, 
for a clique 𝑐 if there exists no clique 𝑐′  in 𝐺 such that 𝑐 ⊂ 𝑐′ . Then, the 
clique 𝑐 is called as maximal clique.
Theorem 3  (Equivalence theorem between maximal clique and equicon-
cept). Given a graph 𝐺 = (𝑉 ,𝐸), the maximal cliques existing in graph 𝐺
exactly match with the equiconcepts in the formal concept lattice of 𝐺. For-
mally, an equivalence relation holds.
𝑚𝑎𝑥𝑖𝑚𝑎𝑙.𝑐𝑙𝑖𝑞𝑢𝑒𝑠(𝐺) ≡ 𝐸𝐶(𝐾𝐺), (6)

where 𝐾 is the formal context of 𝐺; 𝑚𝑎𝑥𝑖𝑚𝑎𝑙.𝑐𝑙𝑖𝑞𝑢𝑒𝑠(𝐺) returns a set of max-
imal cliques of 𝐺; 𝐸𝐶(𝐾𝐺) indicates the set of equiconcepts with respective 
to the formal context 𝐾. 

Actually, a formal concept is a maximal pair of set of extent and its 
intent closed with Galois connection. That is to say, the equiconcept as 
a special formal concept, is also a maximal pair of set of extent and its 
intent (Note that, a maximal pair is corresponding to a maximal clique).
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Table 8 
Formal context of graph 𝐺 (The number denotes the node ID). Construct formal context 
𝐾 of social network 𝐺.
𝐺  1  2  3  4  5  6  7  8  9  10  11  12  13  14  15
 1 × × × × ×
 2 × × × ×
 3 × × × ×
 4 × × × ×
 5 × × × × ×
 6 × × ×
 7 × × ×
 8 × × × ×
 9 × × × × ×
 10 × × × ×
 11 × × × ×
 12 × × ×
 13 × × ×
 14 × × ×
 15 × × ×

Example 9. To better understand the proposed equivalence theorem. 
On one hand, we run the command “maximal.cliques(g)” in R lan-
guage compiler. Eventually, we obtain 9 maximal cliques as shown in 
Fig. 10(b). On the other hand, a formal context of 𝑔 = (𝑉 ,𝐸) can be 
constructed, i.e., 𝐾𝑔 = 𝐹𝐶(𝑔) = (𝑉 , 𝑉 , 𝐼) by our proposed representation 
model. Then, the corresponding concept lattice 𝐿(𝐶(𝐾𝑔),≤) is built ac-
cording to Definition 12. Then, the set of equiconcepts existing in 𝐿 is 
denoted as 𝐸𝐶(𝐾𝑔) as shown in Fig. 10(a).

As can be seen from Fig. 10, there exists an equivalence relation 
or one to one mapping from equiconcepts to maximal cliques. In other 
words, there exist 9 mappings that match the detected 9 equiconcepts 
with the mined 9 maximal cliques in the graph.

4.3.3.  Clique communities detection
A 𝑘-clique community [74] is defined as the union of all 𝑘-cliques 

(i.e., complete subgraphs of size 𝑘), which can be reached from one or 
another through a series of adjacent 𝑘-cliques (where adjacency means 
sharing 𝑘-1 vertices).

This section introduces a novel FCA-based overlapping commu-
nity detection method, termed the weak equiconcept for overlap-
ping community detection (WEOCD) method [70]. Not only does the 
WEOCD method eliminate the requirement for pre-defined parameters, 
but it also effectively extracts more representative nodes as the seed 
set.

Definition 20  (Neighboring Concepts). For the equiconcepts 𝐻1 =
(𝐴1, 𝐵1) and 𝐻2 = (𝐴2, 𝐵2), if 𝐴1 ∩ 𝐴2 ≠ ∅, then 𝐻1 and 𝐻2 are called 
neighboring concepts. 
Definition 21  (Weak Equiconcept). In the network formal context 
(𝑈,𝐴,𝐴′, 𝐼), for neighboring concepts 𝐻1 and 𝐻2, if the following holds:
𝐴3 = 𝐴1 ∪ 𝐴2, (7)

𝐵3 = 𝐵1 ∩ 𝐵2, (8)

then 𝐻3 = (𝐴3, 𝐵3) is referred to as the weak equiconcept. 

Denote 𝛿 =
|

|

𝐴3||
|

|

|

𝐵↑
3
|

|

|

, where 0 < 𝛿 < 1, and (𝐴3, 𝐵3) is a weak equiconcept 
at the degree of 𝛿.

Similarly, suppose (𝐴3, 𝐵3) and (𝐴4, 𝐵4) are weak equiconcepts. 
For the concept (𝐶,𝐷), 𝐶 ⊆ 𝐴3 ∪𝑋4, 𝐷 ⊆ 𝐴3 ∩ 𝐵4, if it follows 
that:

𝐶♢ =
{

𝑐𝑖 ∈ 𝑈 ∣ 0 <
|𝐶|

|

|

𝐷↑|
|

< 𝛿
}

, (9)

𝐷♢ =
{

𝑑𝑖 ∈ 𝐵 ∣ 0 <
|𝐷|

|

|

𝐶↓|
|

< 𝛿
}

, (10)

then concept (𝐶,𝐷) is also a weak equicon-
cept.

Where 𝑘 is the number of objects in an equiconcept, a (𝑘 + 1)-weak 
equiconcept is a parent concept of a 𝑘-equiconcept, and a 𝑘-equiconcept 
is a child concept of a (𝑘 + 1)-weak equiconcept.
Definition 22  (Stability Coefficient). For an equiconcept 𝐻1 = (𝐴1, 𝐵1), 
the stability coefficient of the equiconcept is: 

𝐸𝐶(𝐻1) =
|

|

𝐴1
|

|

⋅ (|
|

𝐴1
|

|

− 1)
|

|

𝐴1||
∑

𝑣𝑖∈𝐴1

deg(𝑣𝑖)

, (11)

which is to measure the internal cohesion of the cluster formed by the 
objects of the equiconcept and the extent of connections outside the 
cluster. 

The stability coefficient of the weak equiconcept 𝐻3 = (𝐴3, 𝐵3) is: 

𝐸𝐶𝑤(𝐻3) =
2 × links(𝐻3)
|

|

𝐴3||
∑

𝑣𝑗∈𝐴3

deg(𝑣𝑗 )

, (12)

where links(𝐻3) represents the number of edges among the objects 
within the concept 𝐻3, and deg(𝑣𝑖) represents the degree of the object 
𝑣𝑖.

Property 1.  In the context of 𝑘-equiconcepts, a higher stability coefficient 
implies that the extent of the concept is more likely to belong to a singular 
community, leading to smaller communities with clearer boundaries. When 
these are used as seed sets, they impact the quality of the communities formed 
during expansion. Conversely, a lower stability coefficient results in more am-
biguous community boundaries, and objects within these concepts are more 
likely to be part of multiple communities.
Property 2.  The formation of a (𝑘 + 1)-weak equiconcept, constructed 
from 𝑘-equiconcepts, is characterized by changes in the stability coefficient. 
An increase in the stability coefficient indicates that the newly added objects 
strengthen the connections among existing internal objects, thereby enhancing 
the clarity of community boundaries in the resulting communities. Conversely, 
a decrease in the stability coefficient suggests that the addition of new objects 
negatively impacts the stability of the internal community, leading to more 
ambiguous community structures.
Example 10. Fig. 11 is a social network, which has 10 users and the 
development of initial and final communities, highlighting friendships 
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Fig. 10. Equivalence relation between equiconcepts and maximal cliques.

among these users through connecting edges. Fig. 12 presents the pro-
cess of the formal context transformation in Fig. 8. Here, the symbol “1” 
in the table indicates that users 1 and 2 are first-order adjacent. At the 
same time, “0” means that there is no direct connection between them, 
suggesting that users 1 and 2 are not first-order adjacent. Fig. 13 is the 
corresponding Hasse diagram.

Fig. 12(a) indicates its corresponding simplified network formal con-
text, considering only the 1-th association matrix 𝐴′. The equiconcepts 
in Fig. 12(b) are generated by definitions. We see the extent of each 
equiconcept as an initial seed set. Objects 1, 3, and 4 are part of more 
than one seed set, with object 3 belonging to three seed sets. Based 
on the decomposition of the concept subspaces in Fig. 10, we observe 
changes in the stability coefficient. Equiconcepts 1 and 2 merge into 
weak equiconcept 7, with the stability value of concept 7 being higher 
than both 1 and 2, thus selecting concept 7. Similarly, concepts 1 and 3 
form weak equiconcept 11, which is also a weak equiconcept of concepts 
7 and 8. However, its stability coefficient is lower than that of concept 7, 
so concept 7 is chosen. Weak equiconcept 12, formed by concepts 9 and 
10, is selected, along with concept 6. In Fig. 11(c), there are three small 
communities in different colors, which are red, yellow, and green, and 
they are composed of objects from concepts 7, 12, and 6, respectively. 
They form three seed sets. Object 3, functioning as an overlapping node 
in two seed sets, showcases its diverse social connections by belonging 
to two different social circles.

Fig. 14 depicts the workflow of the WEOCD method, which consists 
of four key stages: building the network formal context, selecting seeds, 
expanding seeds, and optimizing communities. In the first stage, the 

algorithm creates an equivalent network formal context based on the 
attributes of a complex network. During seed selection, the most suit-
able seeds are chosen by filtering through the weak equiconcept. The 
seed expansion phase can be seen as an improvement to the clustering 
process initiated by forward propagation, where attribute preferences 
between nodes are incorporated to support seed growth. In the final 
stage, the algorithm identifies and refines overlapping communities by 
reducing conductance and information entropy within the network for-
mal context.

Hao et al. [38] addressed the issue of detecting 𝑘-clique communi-
ties by introducing the 𝑘-intent concept and proposing a theorem for 
effective 𝑘-clique community detection. In other words, identifying 𝑘-
clique communities is equivalent to finding the 𝑘-intent concepts, and 
the extents of each 𝑘-intent concept share at least 𝑘 − 1 vertices.

4.4.  Knowledge discovery over attributed graph

4.4.1.  Global and local graph formal concepts
In formal concepts, the relationship between objects and attributes 

is fully considered. In the graph, how to take the structure information 
between nodes into account is a problem worth exploring. Therefore, 
Yan et al.[65] defined graph formal concept.

Definition 23  (Global Graph Formal Concept). Let (𝑉 ,𝐴,𝐴′, 𝐼) be a 
graph formal context, 𝑋 ⊆ 𝑉  and 𝐵 ⊆ 𝐴. If 𝑋↑ = 𝐵, 𝐵↓ = 𝑋, and 𝑋 is 
connected, then the pair (𝑋,𝐵) is a global graph formal concept, where 
𝑋 is the extent of the concept, and 𝐵 is the intent of the concept. 
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Fig. 11. In the social network graph of 10 users, the equiconcept evolves into a weak equiconcept.

Fig. 12. The process of seed sets selection based on the changes in the network formal context corresponding to Fig. 11.

It should be pointed out that a formal concept can be regarded as a 
class, and considering the connectivity between objects based on the for-
mal concept can only judge whether objects with the same attributes in 
a given graph formal context belong to the same class, which is equiv-
alent to global connectivity. However, it is also common for partially 
connected objects with the same attributes to form the same class in 
graph formal context. If only global connectivity is considered, the con-

ceptual knowledge containing local structure information will not be 
obtained. Therefore, the local graph formal context is further proposed.

Definition 24  (Local Graph Formal Concept). Let (𝑉 ,𝐴,𝐴′, 𝐼) be a 
graph formal context, 𝑋 ⊆ 𝑉  and 𝐵 ⊆ 𝐴. If 𝑋↑ = 𝐵, 𝑋 is connected and 
and there is no connection between 𝑎 ∈ 𝐵↓ −𝑋 and 𝑋, then the pair 
(𝑋,𝐵) is a local graph formal concept. 
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Fig. 13. The hasse diagram.

Fig. 14. WEOCD method overview diagram.

Definition 24 shows that the local graph formal concepts only need 
all the objects connected with 𝑋 to be included in 𝑋, which can dig out 
the concept that is only established in the local range. In fact, the global 
graph formal concept is a concept with connectivity, while the local 
graph formal concept allows the disconnected objects in the concept to 
be free. The following is a specific example to illustrate the difference 
and connection between global graph formal concepts and local graph 
formal concepts.

Example 11. Fig. 15 is a diagram of an attributed graph, middle nodes 
1–6 in subgraphs (a) and (b) represent 6 individuals, 𝑎, 𝑏, ⋯, 𝑒 repre-
sents the interests of each individual, and the connected edges between 
objects represent the knowledge between two individuals. According to 
the definition of the formal concept, (134, 𝑎) and (126, 𝑏) satisfy the con-
ditions of the formal concept, The red circle in figure (a) shows that the 
formal concept objects 1, 3 and 4 have a connected path, so the formal 
concept (134, 𝑎) is a global graph formal concept. In the yellow circle, 
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Fig. 15. The diagram of global and local graph formal concepts.

object 6 has no edge connection with objects 1 and 2, that is, objects 
1, 2 and 6 do not have a connected path, so the formal concept (126, 
𝑏) is not a global graph formal concept. However, if we only judge the 
global graph formal concept, we will lose a lot of local information. For 
example, although objects 1, 2, and 6 are not connected, objects 1 and 2 
are connected, as shown in the red circle in figure (b), at this time, only 
considering the global connectivity will lose the local information, while 
the local graph formal concept makes up for this deficiency. (12, 𝑏) can 
constitute the local graph formal concept, so we can mine this local in-
formation, which makes full use of the attributed graph information to 
obtain the local concept knowledge.

4.4.2.  Global and local graph three-way formal concepts
According to global and local graph formal concepts, Yan et al. [49] 

further proposed global and local graph three-way formal concepts.
Definition 25  ([22] Negative Operators). Let 𝑘 = (𝑉 ,𝐴, 𝐼) be a formal 
context and 𝐼𝑐 = (𝑉 × 𝐴) − 𝐼 . For any object set 𝑥 ⊆ 𝑉  and attribute set 
𝐵 ⊆ 𝐴,

𝑋↑𝑐 = {𝑎 ∈ 𝐵|𝑥𝐼𝑐𝑎,∀𝑥 ∈ 𝑋},

𝐵↓𝑐 = {𝑥 ∈ 𝑉 |𝑥𝐼𝑐𝑎,∀𝑎 ∈ 𝐵}.

Compared with the operator ↑ and ↓ in the formal context 𝐾 =
(𝑉 ,𝐴, 𝐼) that embodies the semantics of “commonly possessed”, the op-
erators ↑ 𝑐 and ↓ 𝑐 reflect the semantics of “commonly unpossessed”. 
Therefore, the operators ↑ 𝑐 and ↓ 𝑐 are called negative operators. For 
our purpose, the operators ↑ and ↓ are called positive operators.

Based on the positive and negative operators, the notions of three-
way operators can be defined from the aspects of “commonly possessed” 
relationship and “commonly unpossessed” relationship between an ob-
ject set and an attribute set.
Definition 26  ([75] OE-operators). Let (𝑉 ,𝐴, 𝐼) be a formal context. 
For any 𝑋 ⊆ 𝑉 , 𝐵1, 𝐵2 ⊆ 𝐴, we define 𝑋< = (𝑋↓, 𝑋↓𝑐 ), and (𝐵1, 𝐵2)> =
{𝑥 ∈ 𝑉 |𝑥 ∈ 𝐵↓

1 , 𝑥 ∈ 𝐵↓𝑐
2 } = 𝐵↓

1 ∩ 𝐵↓𝑐
2 . The operators < and > are called 

object induced three-way operators, or OE-operators for short. 
Definition 27  ([75] Three-way Concepts). Let (𝑉 ,𝐴, 𝐼) be a formal 
context, 𝑋 ⊆ 𝑉 , 𝐵1, 𝐵2 ⊆ 𝐴. If 𝑋< = (𝐵1, 𝐵2) and (𝐵1, 𝐵2)> = 𝑋, then 
(𝑋, (𝐵1, 𝐵2)) is called object induced three-way concept, or OE-concept 
for short. Here 𝑋 is the extent of the concept (𝑋, (𝐵1, 𝐵2)), and (𝐵1, 𝐵2)
is the intent of the concept (𝑋, (𝐵1, 𝐵2)). The set of all the OE-concepts 
of the formal context (𝑉 ,𝐴, 𝐼) is denoted as OEL(𝑉 ,𝐴, 𝐼). 

The object-attribute relation and object-object relation are taken into 
account at the same time to extract global graph OE-concepts and local 
graph OE-concepts from a graph formal context through the connectivity 
in graph theory.
Definition 28  (Global Graph OE-concepts). Let (𝑉 ,𝐴,𝐴′, 𝐼) be a graph 
formal context, 𝑋 ⊆ 𝑉  (𝑋 ≠ ∅), 𝐵1, 𝐵2 ⊆ 𝐴 (𝐵1, 𝐵2 ≠ ∅). If 𝑋< = (𝐵1, 𝐵2), 

Table 9 
A graph formal context (𝑉 ,𝐴,𝐴′, 𝐼).

𝑥1 𝑥2 𝑥3 𝑥4 𝑥5 𝑥6 𝑎1 𝑎2 𝑎3 𝑎4 𝑎5 𝑎6

𝑥1 1 1 0 1 1 0 0 0 1 1 0 0
𝑥2 1 1 1 0 0 1 0 1 1 1 0 1
𝑥3 0 1 1 0 1 0 1 0 0 1 1 0
𝑥4 1 0 0 1 0 1 0 0 1 0 1 1
𝑥5 1 0 1 0 1 0 1 1 0 0 0 0
𝑥6 0 1 0 1 0 1 1 0 0 0 1 0

Fig. 16. The graphical representation of (𝑉 ,𝐴,𝐴′, 𝐼).

(𝐵1, 𝐵2)> = 𝑋 and 𝑋 is connected, then the order pair (𝑋, (𝐵1, 𝐵2))
is called a global graph OE-concept. The set of all global graph OE-
concepts in (𝑉 ,𝐴,𝐴′, 𝐼) is denoted as 𝑁𝑇𝐴(𝑉 ,𝐴,𝐴′, 𝐼). 
Definition 29  (Local Graph OE-concepts). Let (𝑉 ,𝐴,𝐴′, 𝐼) be a graph 
formal context, 𝑋 ⊆ 𝑉  (𝑋 ≠ ∅), 𝐵1, 𝐵2 ⊆ 𝐴 (𝐵1, 𝐵2 ≠ ∅). If 𝑋< = (𝐵1, 𝐵2), 
𝑋 is connected and there is no connection between 𝑥 ∈ (𝐵1, 𝐵2)> −𝑋
and 𝑋, then the order pair (𝑋, (𝐵1, 𝐵2)) is called a local graph OE-
concept. The set of all local graph OE-concepts in (𝑉 ,𝐴,𝐴′, 𝐼) is denoted 
as 𝑁𝑇𝐿(𝑉 ,𝐴,𝐴′, 𝐼). 
Example 12. Table 9 is a graph formal context (𝑉 ,𝐴,𝐴′, 𝐼), where 
𝑈 = {𝑥1, 𝑥2,…, 𝑥6} represents 6 individuals, 𝐴 = {𝑎1, 𝑎2,…, 𝑎6} repre-
sents 6 sports: badminton, tennis, volleyball, table tennis, running and 
rope skipping. In addition, 𝑎𝑖𝑗 = 1 represents there is communication 
between 𝑥𝑖 and 𝑥𝑗 , while 𝑎𝑖𝑗 = 0 represents there is no communication 
between 𝑥𝑖 and 𝑥𝑗 ; (𝑥𝑖, 𝑚𝑗 ) = 1 represents the object 𝑥𝑖 likes the sport 
𝑎𝑗 , while (𝑥𝑖, 𝑎𝑗 ) = 0 represents the object 𝑥𝑖 does not like the sport 
𝑎𝑗 . Fig. 16 is the graphical representation of the graph formal context 
(𝑉 ,𝐴,𝐴′, 𝐼) in Table 9.

Global graph OE-concepts of Table 9 are as follows: (𝑥1𝑥2𝑥3, (𝑎4, ∅)), 
(𝑥1𝑥2𝑥4, (𝑎3, 𝑎1)), (𝑥1𝑥2𝑥5, (∅, 𝑎5)), (𝑥1𝑥2, (𝑎3𝑎4, 𝑎1𝑎5)), (𝑥1𝑥4, (𝑎3, 𝑎1𝑎2)), 
(𝑥1𝑥5, (∅, 𝑎5𝑎6)), (𝑥3, (𝑎1𝑎4𝑎5, 𝑎2𝑎3𝑎6)), (𝑥1, (𝑎3𝑎4, 𝑎1𝑎2𝑎5𝑎6)), 
(𝑥2, (𝑎2𝑎3𝑎4𝑎6, 𝑎1𝑎5)), (𝑥5, (𝑎1𝑎2, 𝑎3𝑎4𝑎5𝑎6)), (𝑥4𝑥6, (𝑎5, 𝑎2𝑎4)), 
(𝑥4, (𝑎3𝑎5𝑎6, 𝑎1𝑎2𝑎4)), (𝑥6, (𝑎1𝑎5, 𝑎2𝑎3𝑎4𝑎6)).

Local graph OE-concepts of Table 9 are as follows: (𝑥1𝑥2𝑥3, (𝑎4, ∅)), 
(𝑥1𝑥2𝑥4, (𝑎3, 𝑎1)), (𝑥1𝑥2𝑥5, (∅, 𝑎5)), (𝑥1𝑥2, (𝑎3𝑎4, 𝑎1𝑎5)), (𝑥1𝑥4, (𝑎3, 𝑎1𝑎2)), 
(𝑥1𝑥5, (∅, 𝑎5𝑎6)), (𝑥3, (𝑎1𝑎4𝑎5, 𝑎2𝑎3𝑎6)), (𝑥1, (𝑎3𝑎4, 𝑎1𝑎2𝑎5𝑎6)), 
(𝑥2, (𝑎2𝑎3𝑎4𝑎6, 𝑎1𝑎5)), (𝑥5, (𝑎1𝑎2, 𝑎3𝑎4𝑎5𝑎6)), (𝑥4𝑥6, (𝑎5, 𝑎2𝑎4)), 
(𝑥4, (𝑎3𝑎5𝑎6, 𝑎1𝑎2𝑎4)), (𝑥6, (𝑎1𝑎5, 𝑎2𝑎3𝑎4𝑎6)), (𝑥3𝑥5, (𝑎1, 𝑎3𝑎6)), 
(𝑥1𝑥4𝑥6, (∅, 𝑎2)), (𝑥1𝑥3𝑥5, (∅, 𝑎6)).

4.4.3.  Object and attribute network formal concepts in complex networks
The following describes network formal concepts represented by 

characteristic parameters [52].
Definition 30  (Node Centrality). 

𝑐𝐷(𝑖) =
𝑁
∑

𝑗=1
(|𝑥𝑗 | +

𝐿
∑

𝑘=1
|𝑎𝑖𝑗𝑘|),
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where |𝑥𝑗 | represents the number of edges adjacent to node |𝑥𝑖|, 
∑𝐿

𝑘=1 |𝑎𝑖𝑗𝑘| Indicates the number of common attributes between nodes 
|𝑥𝑖| and |𝑥𝑗 |, that is, if 𝑎𝑖𝑗𝑘 = 0, it means that node |𝑥𝑖| and |𝑥𝑗 | do not 
share attribute 𝑘, and if 𝑎𝑖𝑗𝑘 = 1, it means that node |𝑥𝑖| and |𝑥𝑗 | share 
attribute 𝑘. 𝑁 is the number of nodes in network, and 𝐿 represents the 
total number of attributes in attribute set 𝐴 in the network formal con-
text. 
Definition 31  (Relative Centrality of Nodes). 

𝑐
′

𝐷(𝑖) =
𝑐𝐷(𝑖)

(𝑁 − 1)(𝐿 + 1)
,

where is the number of nodes in network, and 𝐿 represents the total 
number of attributes in network, so the maximum degree of this node 
is 𝑁 − 1 + (𝑁 − 1)𝐿, that is, (𝑁 − 1)(𝐿 + 1). 
Definition 32  (Central Potential). 

𝑐
′

𝐷 =
∑𝑁

𝑖=1[𝑐𝐷𝑚𝑎𝑥
− 𝑐𝐷(𝑖)]

(𝑁 − 1)(𝐿 + 1)
,

where 𝑐𝐷max
 is the largest value of the centrality of all nodes. 

Definition 33  (Object and Attribute Network Formal Concepts). Let 
(𝑂,𝐴,𝐴′, 𝐼) be a graph formal context, then the concept (M , 𝑋,𝑋↑)
is called object network formal concepts, and the concept (𝑚,𝐵↓, 𝐵) is 
called attribute network formal concepts.

Here M  denotes the characteristic parameters of network, 𝑚 =

{M1,M2}, M1 =
∑𝑁

𝑖=1([𝑐𝐷𝑚𝑎𝑥−𝑐𝐷(𝑖)])
(𝑁−1)(𝐿+1)  denotes potential of concept, which 

indicates the degree of difference within a network concept, and M2 =
∑𝑁

𝑖=1 𝑐𝐷(𝑖)
(𝑁−1)(𝐿+1)  denotes concept average degree, which indicates the relative 
importance of network concepts in the network. 
Definition 34  (Strong/Weak Concepts of Objects and Attributes). Let 
(𝑉 ,𝐴,𝐴′, 𝐼) be a graph formal context, and 𝑋 ⊆ 𝑉 , 𝐵 ⊆ 𝐴,

(1) if 𝑋↑↓ = 𝑋, then (M , 𝑋,𝑋↑) is called an object strong concept;
(2) if 𝑋↑↓ ⊃ 𝑋, then let 𝛽 = |𝑋|

|𝑋↑↓
|

. (M , 𝑋,𝑋↑)𝛽 is called an object weak 
concept when 0 ≤ 𝛽 < 1, while (M , 𝑋,𝑋↑)𝛽 is called an object weak 
concept under the degree of 𝛽∗ when 𝛽 ≥ 𝛽∗;

(3) if 𝐵↓↑ = 𝐵, then (𝑚,𝐵↓, 𝐵) is called an attribute strong concept;
(4) if if 𝐵↓↑ ⊃ 𝐵, then let 𝛾 = |𝐵|

|𝐵↓↑
|

, and (𝑚,𝐵↓, 𝐵)𝛾 is called an attribute 
weak concept when 0 ≤ 𝛾 < 1, while (𝑚,𝐵↓, 𝐵)𝛾 is called an attribute 
weak concept under the degree of 𝛾∗ when 𝛾 ≥ 𝛾∗.

Here |𝑋↑↓
| denotes the number of objects corresponding to attribute 

𝑋↑ shared by set 𝑋. 𝛽 denotes the proportion of |𝑋| to |𝑋↑↓
|, and if 𝛽

is large and approaches to 1, it means that (𝑋,𝑋↑) is a highly repre-
sentative concept, while 𝛽 is small and approaches to 0, it means that 
(𝑋,𝑋↑) is not highly representative in the whole network. 𝛾 denotes the 
proportion of |𝐵| to |𝐵↓↑

|, and if 𝛾 is large and approaches to 1, it means 
that (𝐵↓, 𝐵) is a highly representative concept, while 𝛾 is small and ap-
proaches to 0, it means that (𝐵↓, 𝐵) is not highly representative in the 
whole network. 

4.5.  Uncertain graph classification

As the feature information of the graph is extracted through graph 
convolution and graph pooling, it needs to be input it into a Multi-Layer 
Perceptron (MLP) for graph classification. To effectively utilize the fea-
ture information of the graph, Fan et al. [51] proposed employing the 
Fuzzy Entropy Causality Classification Method (FECCM) to select crucial 
graph features for the classification task, ultimately improving perfor-
mance.

The essence of Pearl’s Causality is to characterize the effectiveness 
of the rule through the rule’s antecedent 𝑐𝑖, consequent 𝑑𝑗 and their 
corresponding confidence level 𝜇𝑖𝑗 . In graph classification, if a graph 
with a specific attribute is labeled as 𝑐𝑖, and the classification decision is 

marked as 𝑑𝑗 , then the classification rule can be represented as 𝑟(𝑐𝑖, 𝑑𝑗 ) ∶
𝑐𝑖

𝜇𝑖𝑗
←←←←←←←←←←←←→ 𝑑𝑗 . Let 𝜇𝑖𝑗 (confidence) be the probability value of the 𝑖th graph 

with attribute 𝑐 being assigned to the 𝑗th.
Given that the confidence level 𝜇𝑖𝑗 of a classification rule reflects the 

degree to which the rule is considered accurate or reliable, it should 
be modeled as a fuzzy number. This approach enables a more effective 
representation of the uncertainty and fuzziness inherent in classification 
rules. Accordingly, this paper investigates classification rules and their 
confidence levels by applying definitions based on fuzzy sets, fuzzy en-
tropy, and fuzzy cut sets. Utilizing these concepts, the research aims to 
construct a framework capable of managing the inherent vagueness and 
imprecision in classification rules.

Definition 35  ([76] Causality). For rule 𝑟(𝑐𝑖, 𝑑𝑗 ) ∶ 𝑐𝑖
𝜇𝑖𝑗
←←←←←←←←←←←←→ 𝑑𝑗 and its anti-

rule 𝑟(𝑑𝑗 , 𝑐𝑖) ∶ 𝑑𝑗
𝜇𝑗𝑖
←←←←←←←←←←←←→ 𝑐𝑖, the causality between 𝑐𝑖 and 𝑑𝑗 is defined as 

𝐶𝑃 = 𝜇𝑖𝑗 + 𝜇𝑗𝑖 − 1(𝐶𝑃 ∈ [−1, 1]). 

Definition 36  (Fuzzy Entropy Causality). For rule 𝑟(𝑐𝑖, 𝑑𝑗 ) ∶ 𝑐𝑖
𝜇𝑖𝑗
←←←←←←←←←←←←→ 𝑑𝑗

and its anti-rule 𝑟(𝑑𝑗 , 𝑐𝑖) ∶ 𝑑𝑗
𝜇𝑗𝑖
←←←←←←←←←←←←→ 𝑐𝑖, the fuzzy entropy causality between 

𝑐𝑖 and 𝑑𝑗 is defined as follows:

𝐶𝑃𝐸 (𝑟𝑖𝑗 ) = 1 − 1
𝑙𝑜𝑔𝐾2

(−𝜇𝑖𝑗 𝑙𝑜𝑔2𝜇𝑖𝑗 − 𝜇𝑗𝑖𝑙𝑜𝑔2𝜇𝑗𝑖).

where 𝐾 is the total number of classification labels for discrete graphs. 
If 𝐾 = 2, that is, the graph is a two-category graph and the graph has 
only two labels, then 𝐶𝑃𝐸 (𝑟𝑖𝑗 ) = 1 + 𝜇𝑖𝑗 𝑙𝑜𝑔2𝜇𝑖𝑗 + 𝜇𝑗𝑖𝑙𝑜𝑔2𝜇𝑗𝑖). 
Example 13. For binary classification, let’s denote the classifica-
tion rules for the graph as: 𝑟𝑖𝑗1 ∶ 𝜇𝑖𝑗1 = 1.0, 𝜇𝑗1𝑖 = 0.2 and 𝑟𝑖𝑗2 ∶ 𝜇𝑖𝑗2 =
0.6, 𝜇𝑗2𝑖 = 0.6. From Definition 35, we know that the causality of rules 
𝑟𝑖𝑗1  and 𝑟𝑖𝑗2  is the same, that is 𝐶𝑃 (𝑟𝑖𝑗1 ) = 𝐶𝑃 (𝑟𝑖𝑗2 ):

𝐶𝑃 (𝑟𝑖𝑗1 ) = 𝜇𝑖𝑗1 + 𝜇𝑗1𝑖 − 1 = 1.0 + 0.2 − 1 = 0.2,

𝐶𝑃 (𝑟𝑖𝑗2 ) = 𝜇𝑖𝑗2 + 𝜇𝑗2𝑖 − 1 = 0.6 + 0.6 − 1 = 0.2.

It can be seen from this 𝐶𝑃 (𝑟𝑖𝑗1 ) = 𝐶𝑃 (𝑟𝑖𝑗2 ).
However, from Definition 36, we can know that the fuzzy entropy 

causality of rules 𝑟𝑖𝑗1  and 𝑟𝑖𝑗2  is different:

𝐶𝑃𝐸 (𝑟𝑖𝑗1 ) = 1 − 1
𝑙𝑜𝑔2𝐾

(−1 × −𝑙𝑜𝑔2(1) − 0.2 × 𝑙𝑜𝑔2(2))

≈ 1 − 0.464 ≈ 0.536,

𝐶𝑃𝐸 (𝑟𝑖𝑗2 ) = 1 − 1
𝑙𝑜𝑔2𝐾

(−0.6 × −𝑙𝑜𝑔2(0.6) − 0.6 × 𝑙𝑜𝑔2(0.6))

≈ 1 − 0.884 ≈ 0.116.
That is, when using rule 𝑟𝑖𝑗1  to classify object 𝑐𝑖, the fuzzy entropy 

causality is greater, the greater the certainty, so it is classified into the 
𝑗1 category.
Theorem 4. Let any 𝑟𝑖𝑗𝑙 , 𝑟𝑖𝑗𝑞 ∈ 𝑅, if 𝐶𝑃 (𝑟𝑖𝑗𝑙) = 𝐶𝑃 , then 𝐶𝑃𝐸 (𝑟𝑖𝑗𝑙 ) ≤
𝐶𝑃𝐸 (𝑟𝑖𝑗𝑞 ) or 𝐶𝑃𝐸 (𝑟𝑖𝑗𝑙 ) ≥ 𝐶𝑃𝐸 (𝑟𝑖𝑗𝑞 ) holds true.
Theorem 5. Let any 𝑟𝑖𝑗𝑙 , 𝑟𝑖𝑗𝑞 ∈ 𝑅, if 𝐶𝑃 (𝑟𝑖𝑗𝑙) = 𝐶𝑃 , and 𝜇𝑖𝑗𝑙 = 𝜇𝑖𝑗𝑞  or 
𝜇𝑗𝑙 𝑖 = 𝜇𝑗𝑞 𝑖, then 𝐶𝑃𝐸 (𝑟𝑖𝑗𝑙 ) = 𝐶𝑃𝐸 (𝑟𝑖𝑗𝑞 ) holds.
Theorem 6. Let any 𝑟𝑖𝑗𝑙 , 𝑟𝑖𝑗𝑞 ∈ 𝑅, if 𝐶𝑃𝐸 (𝑟𝑖𝑗𝑙) = 𝐶𝑃𝐸 (𝑟𝑖𝑗𝑞), then 
𝐶𝑃 (𝑟𝑖𝑗𝑙 ) = 𝐶𝑃 (𝑟𝑖𝑗𝑞 ) holds.

From Theorems 5 and 6, we can see that the fuzzy entropy causality 
characterizes the classification rules more accurately.

Based on the aforementioned definitions and theorems, a fuzzy en-
tropy causality classification method (FECCM) is introduced. This ap-
proach is designed to leverage the certainty of fuzzy entropy causality 
evaluation rules for selecting critical feature information essential for 
classification tasks. Finally, the integration of HAGP and FECCM is em-
ployed for hierarchical graph classification; a comprehensive descrip-
tion of the graph classification implementation is provided in the subse-
quent Fig. 17. The process can be divided into six steps: (1) The original 
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Fig. 17. Overview of graph classification model structure.

graph is input into the HAGP model. (2) Clusters of node neighborhoods 
are constructed. The Master2Token method is used to learn the repre-
sentation of cluster attributes and obtain the corresponding assignment 
matrix. (3) Clusters are evaluated using LEConv. The intensity of a clus-
ter’s color in the graph corresponds to the magnitude of its score. (4) 
Neighborhood cluster information is aggregated. Two prominently col-
ored clusters in the graph are selected, and their 2-hop neighborhood 
cluster information is aggregated using HO-CIA. Dashed arrows in the 
graph indicate the flow of first and second-order feature information 
within the clusters. (5) The top-k method is applied to identify clus-
ters with higher scores. The adjacency matrix recalculates edge weights 
by incorporating neighboring nodes from the selected clusters. (6) A 
coarse-grained graph is output.

4.6.  Knowledge graph mining

4.6.1.  Link prediction
The Relational Graph Convolutional Network (R-GCN) [77] marks a 

notable advancement in graph neural networks, tailored specifically for 
multi-relational and heterogeneous graph-structured data. By iteratively 
aggregating features from neighboring nodes via relation-specific trans-
formations, this model refines entity representations and effectively cap-
tures both direct and higher-order relational dependencies in the graph. 
In contrast to standard GCNs that treat all edges uniformly, the R-GCN 
uses separate weight matrices for each relation type, enabling it to dis-
tinguish and incorporate diverse relational semantics during informa-
tion propagation. To prevent overfitting and control parameter growth 
as the number of relations increases, the model employs regulariza-
tion methods such as basis or block-diagonal decomposition, facilitating 
weight sharing across relations and ensuring scalability. This architec-
ture not only improves the expressiveness of node embeddings but also 
supports tasks such as entity classification and link prediction in com-
plex knowledge graphs.

Dai et al. [78] integrated the granular concept into R-GCN model 
and constructed GCR-GCN model to improve the performance of link 
prediction model. The GCR-GCN model can not only enhance the inter-
pretability, but also improve the performance of the model.

As illustrated in Fig. 18, the GCR-GCN model comprises two distinct 
modules. The first module is dedicated to computing relational weights 
based on granular concepts. This process involves four key steps: ini-
tially, a formal context is constructed utilizing entities and their ad-

jacent relations; subsequently, granular concepts derived from objects 
(entities) are calculated within this formal context; then, a subset of 
more analogous objects (entities) is filtered by evaluating the similarity 
of attributes (relations) between concepts; ultimately, the information 
from these similar entities is fused into the updated entities to determine 
the importance of each relation. The second module simultaneously in-
tegrates information from adjacent relations and entities into the entity 
being updated. In this phase, the relational weights calculated by the 
first module allow different updated entities to effectively incorporate 
distinct information from the same relation.

4.6.2.  Entity summarization
Entities in knowledge graphs are described using the Resource De-

scription Framework (RDF), which represents various resources and 
their relationships in the form of “subject-predicate-object” triples. How-
ever, knowledge graphs often contain a vast amount of entity description 
information, leading to an information overload problem when users re-
trieve entity information.

For instance, the latest English version of the knowledge graph DB-
pedia contains 6.6 million entities and 1.7 billion RDF triples, with an 
average of 258 descriptive pieces of information per entity [79]. Given 
such an overwhelming volume of entity information, it becomes chal-
lenging for users to find useful information, which can result in infor-
mation overload. Therefore, it is crucial to utilize entity summarization 
techniques to streamline knowledge graphs and better serve users.

Entity Summarization is to select representative Top-k triples from 
the vast and verbose triples in knowledge graphs, thereby streamlining 
entity information effectively. Given that the predicates and objects in 
RDF data for an entity can be transformed into a binary tabular format, 
it is reasonable to consider applying Formal Concept Analysis (FCA) to 
entity summarization. Kim et al. [79] introduced KAFCA for this pur-
pose, which generates ranked RDF triples based on the weights of the 
extents of concepts within a concept lattice. However, their approach 
neglects the nature of dynamics of knowledge graph which limits the 
applicability of the above approach. To this end, our previous work 
proposes an incremental approach to enhance the efficiency of entity 
summarization using Formal Concept Analysis (FCA)[80]. Additionally, 
we refined the ranking algorithm by incorporating factors such as the 
importance, redundancy, and uniqueness of triples to achieve improved 
summarization outcomes.
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Fig. 18. Overall framework of GCR-GCN.

4.7.  CCL-empowered graph learning

Recently, there are emerging cutting-edge research areas about CCL-
empowered graph learning. That is to say, CCL is used for assisting the 
tasks of graph learning.

Current graph neural networks (GNNs) map nodes in networks to 
specific samples in datasets, thereby overlooking the conceptual infor-
mation embedded in object-attribute clusters within the data. Further-
more, GNNs face challenges when handling data lacking structural infor-
mation, as such information serves as their core input. This paper seeks 
to incorporate conceptual information into the message-passing mecha-
nism of GNNs. To achieve this, Shao et al. [81] integrated concept lattice 
theory with existing GNN architectures. Technically, a concept lattice is 
a robust tool for characterizing the generalization and specialization re-
lationships between formal concepts. As the fundamental components of 
concept lattices, formal concepts effectively illuminate the dependencies 
between features and samples. Building on this, they presented a novel 
GNN framework derived from concept lattices, designed to address the 
inherent limitations of conventional GNNs. This innovative framework 
not only incorporates conceptual information into message passing but 
also empowers GNNs to process both structured and unstructured data.

Regarding the traffic flow prediction, our previous work [82,83] pro-
posed a novel Formal Concept-enhanced Graph Convolutional Network 

(FC-GCN) model. This integration enhances the training accuracy of the 
models by leveraging FCA to distill structural features from traffic data 
and subsequently refining the feature representation of the traffic data. 
Further, under federated learning (FL), the GCNs model can be trained 
independently on different clients, and the local model is optimized 
by sharing model parameters. Consequently, a novel formal concept-
enhanced federated graph learning paradigm is developed [83]. Cou-
pled with the premise of protecting data privacy, the integrity of the 
data is guaranteed and the training accuracy of the GCNs model is im-
proved.

Another important task of graph learning is node classification. Yan 
et al. [47] proposed a graph network semi-supervised concept-cognitive 
learning model for this task. It contains three main parts: the construc-
tion of concept space, the pseudo-labeled process, and concept general-
ization. This model not only takes a new perspective for node classifica-
tion, but also has natural interpretability and shares certain advantages 
in classification accuracy.

5.  Datasets and platforms

There are several datasets and benchmarks used to evaluate the per-
formance of graph concept-cognitive learning various down-streaming 
tasks such as link prediction, node classification, and community detec-
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Table 10 
Graph datasets for node, edge, and graph-level tasks.
 Dataset Type  Dataset Name  Task  Nodes  Edges  Classes  Features
 Node-level  Cora  Node Classification (paper topic)  2708  5429  7  1433
 Node-level  CiteSeer  Node Classification  3327  4732  6  3703
 Node-level  PubMed  Node Classification  19,717  44,338  3  500
 Node-level  PPI  Node Classification (proteins)  56,944  818,716  121  50
 Node-level  Reddit  Node Classification (subreddits)  232,965  11,606,919  41  602
 Node-level  ogbn-arxiv  Node Classification (arXiv)  169,343  1,166,243  40  128
 Node-level  Flickr  Node Classification  89,250  899,756  7  500
 Node-level  DHFR  Node Classification  31,384  67,352  4  37
 Node-level  Cuneiform  Node Classification  5677  23,922  4  3
 Node-level  BZR  Node Classification  14,479  31,070  10  3
 Edge-level  Facebook Page-Page  Link Prediction  22,470  170,912  N/A  None
 Edge-level  PPI (Link Prediction)  Link Prediction (proteins)  Varies  Varies  N/A  N/A
 Edge-level  CollabNet  Link Prediction  18,772  44,327  N/A  None
 Edge-level  Amazon Co-purchase  Link Prediction (products)  334,863  925,872  N/A  None
 Edge-level  YouTube Friendship  Link Prediction  1,134,890  2,987,624  N/A  None
 Edge-level  ogbl-collab  Link Prediction (collaborations)  235,868  1,285,465  N/A  None
 Graph-level  MUTAG  Graph Classification (toxicology)  188  Varies  2  Varies
 Graph-level  PROTEINS  Graph Classification (functions)  1113  Varies  2  Varies
 Graph-level  ENZYMES  Graph Classification (enzymes)  600  Varies  6  Varies

Fig. 19. The interfaces of FCA4Graph.

tion 2 3. For example, Table 10 shows the commonly-used datasets in 
terms of node-level, edge-level and graph-level.

Recently, some GCCL libraries or platforms are developed for imple-
menting simulation and basic graph-related tasks execution. For exam-
ple, FCA4SNS 4 is a Python library for social network analysis based on 
concept-cognitive learning [69]. It aims to address the representation 
of social network, network topology mining, and social intelligence ex-
traction. To extend the application range, we developed a novel GCCL 
simulation tool, named FCA4Graph, which is used for supporting data 
mining and analysis in signed network, attributed network, knowledge 
graph, dynamic graph, as well as fuzzy graph. Fig. 19 demonstrates the 
main interfaces of FCA4Graph, the users can manually create the formal 
context of the given graph (Fig. 19(a)), then the graph cognition results 
are displayed in Fig. 19(b).

In addition, a cloud-based graph concept-cognitive learning simu-
lation platform, termed GCCL5, is developed, as shown in Fig. 20. It 
aims to facilitate efficient graph structure mining, understanding, and 
application by exploring the mapping relationships between subgraph 

2 https://www.start.umd.edu/data-tools/GTD
3 https://chrsmrrs.github.io/datasets/docs/datasets/
4 https://github.com/jiegao19/FCA4SNA
5 https://fhaocs.github.io/GCCL

structures and formal concepts. This simulation platform emphasizes 
leveraging the intuitiveness and structural characteristics of graphs to 
decompose complex formal concepts into more comprehensible units, 
presenting their interactive relationships in a graphical manner.

6.  Open issues and future directions

GCCL is an emerging research topic. Although significant progresses 
have been made for GCCL, there still remain plenty of research direc-
tions worthy of future explorations.

6.1.  Theoretical guarantees

While numerous GCCL methods have been put forward and shown 
empirical effectiveness, there remains a need for deeper exploration 
into more fundamental theoretical analyses of graph CL. A particularly 
promising avenue is to develop such theoretical frameworks by draw-
ing inspiration from general GCCL approaching the problem from the 
perspectives of optimization or data distribution. This would facilitate a 
clearer understanding of the underlying mechanisms and effectiveness 
of GCCL methods.
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Fig. 20. The interface of GCCL.

6.2.  GCCL for directed graph

The above literature review has verified the GCCL has a promising 
potential to learning various down-streaming graph tasks. However, the 
research work about GCCL on directed graphs has not yet been stud-
ied. The difficulty of applying GCCL to directed graph modeling primar-
ily stems from the distinction between binary attributes and directed 
relations, as well as how to address issues of complexity and direc-
tionality. To overcome this limitation, a cognitive operator based on 
the dual “in-degree–out-degree” neighborhood of directed edges: the 
out-degree neighborhood characterizes a node’s “active influence” at-
tributes, while the in-degree neighborhood represents its “passive asso-
ciation” attributes. By integrating the node’s intrinsic semantic infor-
mation with directed graph topology information, the corresponding 
directed graph formal context can be constructed for further concept 
cognition of graph structures.

6.3.  Scalability and efficiency optimization of GCCL for large-scale graphs

This open issue addresses the insufficient exploration of scalability 
and efficiency of GCCL for large-scale (million-node) graphs. Rooted in 
theoretical basis of GCCL—FCA—the core bottleneck is concept lattice 
explosion (exponential concept growth with graph scale), leading to pro-
hibitive computational costs (e.g., excessive memory, long runtime) and 
limiting practicality of GCCL in real-world applications. Therefore, the 
following key research directions can be further investigated. First, re-
viewing and integrating existing FCA acceleration techniques, such as 
distributed computing [84], incremental updates [85], approximation 
algorithms [86] into GCCL, is under-discussed. Second, it is crucial to 
verify the feasibility and develop the lightweight/divide-and-conquer 
strategies for GCCL on large-scale graphs with local subgraph sampling 
and local concept extraction, concept pruning, and hierarchical concept 
lattice construction.

6.4.  GCCL for foundation models

The integration of GCCL and foundation models (FMs) merges struc-
tured relational reasoning with large-scale generalizable learning, ad-
dressing their complementary limitations: FMs excel at processing un-
structured data and generalization but lack explicit relational structure 
and interpretability [87], while GCCL offers structured concept-relation 
modeling but struggles with static, manually curated graphs and un-
structured data. Key integration approaches include using FMs to en-

rich graphs (e.g., extracting concepts/relations from text, contextualiz-
ing nodes), leveraging graphs to guide FMs (e.g., knowledge-augmented 
training, enhancing interpretability), and enabling co-evolution (e.g., 
feedback loops for dynamic adaptation). This synergy enables appli-
cations like semantic search, cognitive robotics, and personalized ed-
ucation, through challenges remain in aligning representations, ensur-
ing scalability, adapting to dynamic knowledge, and achieving cogni-
tive plausibility. Future directions include multi-modal graphs, neural-
symbolic hybrids, human-in-the-loop systems, and efficient training 
methods, aiming to create more robust, interpretable, and human-
aligned AI.

6.5.  Broader applications

While GCCL methods have been applied to several tasks as discussed 
in this work, their potential in more diverse real-world applications—
such as traffic flow prediction [83], QA answering system [80], edge 
computing tasks allocation [88], and AI inference [52]—warrants fur-
ther exploration to achieve more effective and satisfying predictive out-
comes. A key challenge lies in how to incorporate appropriate domain 
knowledge as additional priors to guide model design.

7.  Conclusion

This paper introduces an emerging paradigm, Graph Concept-
cognitive Learning (GCCL), which incorporates concept-cognitive learn-
ing into graph analysis. A comprehensive framework for GCCL is pro-
posed, detailing techniques for integrating concept-cognitive learn-
ing with various graph representations. These representations enable 
a range of graph cognition tasks, including graph structure analysis, 
knowledge discovery, and graph classification. To support further re-
search in this area, relevant datasets and simulation platforms are also 
introduced. This study provides foundational insights into GCCL, facil-
itating its application and exploration in advanced graph learning sce-
narios.
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