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a b s t r a c t 

This paper investigates the Iceberg Clique ( IC ) queries in a large graph, specially, given a user-specified 

threshold θ , an IC query reports the cliques where the number of vertices exceeds � θ | V | � . Toward this 

end, a practical IC query theorem is formally proposed and proved. With this proposed query theorem, 

a formal context and its corresponding iceberg concept lattice are first constructed from an input graph 

topology by Modified Adjacency Matrix; then, we prove that the IC queries problem is equivalent to 

finding the iceberg equiconcepts whose number of elements exceeds � θ | V | � . Theoretical analysis and ex- 

perimental results demonstrate that the proposed query algorithm is feasible and efficient for finding the 

iceberg cliques from large graphs. 

© 2017 Published by Elsevier B.V. 
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. Introduction 

.1. Motivations 

As a fundamental problem, clique query in graphs has many

ignificant applications, such as social recommendation [1–3] , net-

ork routing [4,5] and community detection [6–8] . However, a

ractical issue of clique queries in real-world graphs is just to ex-

ract the cliques with the required number of vertices from a given

arge graph. For instance, in an academic collaboration network,

e may find the collaborative teams with the required number of

cholars for completing some projects. Hence, it is essential to ex-

ract only the important information from a graph. 

Given a large graph, how can we find interesting vertices or

ub-graph structures? With this question, this paper introduces a

eneric concept of iceberg clique that refers to cliques where the

umber of vertices satisfies that { v | v ∈ V , | v | ≥ � θ | V | � }, where θ
 (0, 1] is a user-specific threshold and | V | is the total number

f vertices in the given large graph. The terminology, “iceberg ”, is

orrowed from the concept of iceberg queries in [10] . The iceberg

uery finds data whose aggregate values exceed a pre-specified

hreshold. Iceberg cliques are obtained as those whose aggregate
∗ Corresponding author. 
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core is above a given threshold. Note that, the score of each vertex

s set as “1”, hence, the problem of “Iceberg clique query ” is equiv-

lent to finding the cliques where the number of vertices exceeds

 θ | V | � . 
Iceberg clique queries are applicable to target marketing, rec-

mmendation systems, routing, spammers detection and so forth.

irst, let us consider a concrete scenario on target marketing (com-

unity marketing) as a motivating example. A company published

 very cool online game for an online social network and wants

o market it through the same network. To this end, there are two

ain schemes: 1) Influence maximization based social marketing

11] ; 2) emerging target/community marketing based on commu-

ity structures. We focus on the later one, the basic idea of target

arketing is to promote their products within the detected com-

unities that are formed by the cliques. Due to the strong connec-

ions between users within these cliques, thus this product can be

nfluenced and accepted rapidly. Second, IC queries can be used to

etect the criminal groups for urban safety and security. For exam-

le, governments have limited human resources and budgets, they

ants to efficiently control the main bigger criminal groups, which

an be modeled as the IC queries problem. 

.2. Contributions 

The contributions of this paper are summarized as follows: 

• We define a novel concept–iceberg clique that refers the por-

tion of the number of vertices in the cliques structure and
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Fig. 1. Cliques with 1,2,3,4,5 and 6 vertices. 
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the number of vertices of the input graph exceeds the a

given threshold. Then, the problem of Iceberg Clique queries ( IC

queries ) is formally defined. 

• To solve the proposed IC queries problem, an efficient approach

based iceberg concept lattice for discovering the iceberg cliques

is provided. Specifically, a formal context of a given graph is

initially constructed according to Modified Adjacency Matrix.

Then, the corresponding iceberg concept lattice is generated

based on the constructed formal context. Finally, we propose

a theorem of IC queries in large graphs. 

• We conduct the experiments and performance evaluation us-

ing three graph datasets for validating the effectiveness of the

proposed approach. The experimental results demonstrate the

proposed algorithm can achieve the high precision and recall of

IC queries for the large scale graph. 

1.3. Paper organization 

The remainder of this paper is structured as follows.

Section 2 presents the related work. The problem description and

solution framework for iceberg query are proposed in Section 3 .

Section 4 presents the detailed approach and algorithm for query-

ing the iceberg cliques from large graphs. The experimental re-

sults and performance evaluation are provided in Section 5 .

Section 6 concludes this paper. 

2. Related work 

This section discusses the related study focusing on the clique

detection and iceberg query. 

2.1. Clique detection 

The researches on clique detection are widely investigated. And,

these work are categorized two types: k -clique detection and k -

clique communities detection [12–15] . The first work on k -clique

community detection method is the Clique Percolation Method

(CPM) which defines a model of rolling a k -clique template [12] .

But CPM did not propose object function to quantitatively qualify

the clustering results. Kumpula et al. [16] proposed an efficient ap-

proach Sequential Clique Percolation (SCP) for k -clique community

detection. Although SCP can detect communities on weighted net-

works, it cannot generate k -clique communities for each possible

k in a single execution. Additionally, some extended cliques detec-

tion are also carried out [17,26] . Traag and Bruggeman [17] adopted

the concept of modularity to detect communities in complex social

networks with both positive and negative links. Hao et al. [26] first

addressed the k -balanced trusted cliques detection in signed social

networks. 

2.2. Iceberg query 

Recently, the researches on iceberg queries in database com-

munity have attracted researchers significantly. Iceberg queries are

used in many practical applications such as data warehousing and

market-basket analysis [18] . This section reviews the recent studies

available in the literature for evaluation of iceberg queries. He et al.

[19] proposed an approach of executing the iceberg queries effi-

ciently using the compressed bitmap index. Their approach elim-

inates the time of scanning and processing the data set in order

to speed up the query processing. Bae et al [20] presented a parti-

tioning algorithm for computation of Average Iceberg Queries. The

basic idea of this algorithm is to partition a relation logically and

to postpone partitioning to use memory efficiently until all buck-

ets are occupied with candidates. Zhao et al. [21] implemented the

global iceberg query processing by using summable sketches. The
bove work were presented on the pure data query fields. Actu-

lly, some existing researches attempted to use iceberg query to

olve some issues about graph queries. In Refs. [22,23] , an ice-

erg cube containing cells whose measure satisfies a threshold,

aved a way for iceberg analysis on graphs. Li et al. [24] defined

 novel concept, graph iceberg, which extends iceberg queries to

ertex-attributed graphs and identifies interesting vertices that are

lose to an attribute using an aggregate score. Further, they pro-

osed a framework gIceberg , scores vertices by their different levels

f interestingness and finds important vertices that meet a user-

pecified threshold. 

After the detailed survey of above related work, it is obvious

o know that there exists a research gap between clique detection

nd iceberg query. As mentioned above, most of work on iceberg

uery only take the property of nodes into account in the graph.

hus, the information granularity of nodes are too small to under-

tand the global structure of graphs. Cliques as a relative big infor-

ation granularity, can lead to much challenges for querying some

idden special cliques structures (so called iceberg cliques in the

aper) from large graphs. In order to fill out this gap and bridge

he connection between them, this paper pioneers the problem on

C queries in large graphs. 

. Problem definition and solution framework 

In this section, the preliminaries on clique and k −clique are first

eviewed. Then, the problem of Iceberg Clique Queries is formally

efined. Additionally, a solution framework for addressing the IC

ueries is presented. 

.1. Problem definition 

As the preliminaries, the definitions of clique and k -clique are

rovided as follows [26,27] , 

efinition 1 (clique) . Let G = (V, E) be an undirected graph. A

lique in G is a subset S ⊂ V such that for any two vertices v i , v j
 S there exists an edge ( v i , v j ) ∈ E . 

efinition 2 (k-clique) . Let G = (V, E) be an undirected graph. A k -

lique in G is a subset S ⊂ V and | S| = k such that for any two ver-

ices v i , v j ∈ S there exists an edge ( v i , v j ) ∈ E . 

Fig. 1 presents an example of k -clique, ( k = 1 , 2 , · · · , 6 ). The

lique structure, where there must be an edge for each pair of ver-

ices, shows many restrictions in real life modeling. 

roblem 1 (Iceberg Clique Query) . For an undirected graph G =
(V, E) and a user-specified threshold θ ∈ (0, 1], the Iceberg clique

IC) query problem is to find out k -cliques, such that k > = � θ | V |� ,
enoted as Q = (G (V, E) , θ ) . 

For convenience, Table 1 lists important variables used through-

ut the paper. 

To clearly understand the problem addressed in this paper, an

xample of iceberg clique queries in a graph g with a threshold

= 0 . 25 , i.e., Q = (g, 0 . 25) , is presented in Fig. 2 . 

Obviously, Fig. 2 (a) is the structure of a graph g , then, after the

C queries , several iceberg cliques including 4 and 5 vertices, i.e.,

 A, B, C, D }, { A, B, C, E }, { B, C, D, E }, { A, C, D, E }, { A, B, D, E }, { L, M,

, P }, and { A, B, C, D, E } are detected in g as shown in Fig. 2 (b). 
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(a) Graph g (b) Iceberg Cliques

Fig. 2. A toy example of Iceberg Clique queries. 

Table 1 

Important variables used in the paper. 

Variables Descriptions 

G = (V, E) An undirected graph 

θ User-specified threshold 

k number of nodes in k -cliques 

Q = (g, θ ) An iceberg clique queries in g 

T A formal context 

FC ( G ) Formal context of G ̂ C (T ) The set of all frequent concepts with respect to T 

L = ( ̂  C (T ) , ≤) Iceberg concept lattice of T 

IC ( T ) Set of all iceberg equiconcepts of T 

KIC ( T ) Set of all k -iceberg equiconcepts of T 
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.2. Solution framework 

The main solution of this paper is to propose a novel theo-

em of iceberg clique queries that iceberg clique queries is equiva-

ent to detecting the iceberg equiconcepts from the concept lattice.

ig. 3 presents a solution framework for iceberg clique queries. Our

roposed solution framework contains four key technical steps: 1)

onstructing the formal context from an input graph; 2) mining

he iceberg concept lattice; 3) detecting the explicit iceberg cliques

enerated from the iceberg equiconcepts and the implicit iceberg

liques derived from high-order iceberg equiconcepts; 4) combin-

ng the explicit and implicit iceberg cliques into the query output. 

. Iceberg concept lattice based IC queries in large graphs 

This section provides an novel query approach of iceberg

liques using Iceberg Concept Lattice theory [25] . We address the

ollowing key issues of the above solution framework: 1) con-
Fig. 3. Solution framework for
truct a formal context from a social network G ; 2) extract the fre-

uent concepts for forming an iceberg concept lattice; 3) present a

eneric algorithm for querying iceberg cliques. 

.1. Formal context construction on vertices set 

In formal concept analysis, a formal context is represented as

 triple T = (O, A, R ) , where O = { x 1 , x 2 , · · · , x n } is the set of ob-

ects, A = { a 1 , a 2 , · · · , a m 

} is the set of attributes, R is the binary

elation between O and A , ( x, a ) ∈ R denotes object x has the at-

ribute a , and ( x, a ) 	∈ R denotes object x does not have the attribute

, where x ∈ U, a ∈ A . In this paper, we construct the formal con-

ext of a graph by using the approach proposed in our previous

ork [26] . The basic idea of this construction approach is that an

odified Adjacency Matrix of a given graph G = (V, E) is repre-

ented as a formal context F C(G ) = (V , V , I) , in which I indicates

he binary relationship between two vertices, i.e., for any v i , v j 
 V , I(v i , v j ) = 1 if ( v i , v j ) ∈ E , otherwise, I(v i , v j ) = 0 . As a spe-

ial case, we limit I(v i , v i ) = 1 for any i ∈ {1, 2, ���, n }, obviously,

 C(G ) = (V , V , I) is a special formal context because its sets of ob-

ects and attributes are the same. 

efinition 3 ( Modified Adjacency Matrix ) . Let G = (V, E) be a graph

ith n vertices that are assumed to be ordered from v 1 to v n .

he matrix M = (m i j ) n ×n is called an Modified Adjacency Matrix,

n which 

 i j = 

{ 

1 , if (v i , v j ) ∈ E and i 	 = j;
1 , if v i = v j (i = j) ;
0 , otherwise . 

(1) 

Formally, the Modified Adjacency Matrix M of G = (V, E) is

quivalent to the FC ( G ), i.e., FC ( G ) ≡ M , and M is equivalent to
 Iceberg Clique queries. 
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Fig. 4. An undirected graph G = (V, E) . 

Table 2 

The formal context of G = (V, E) . 

Vertex v 1 v 2 v 3 v 4 v 5 v 6 v 7 

v 1 1 0 0 0 0 0 0 

v 2 0 1 1 0 1 1 0 

v 3 0 1 1 0 1 0 0 

v 4 0 0 0 1 0 0 1 

v 5 0 1 1 0 1 1 0 

v 6 0 1 0 0 1 1 0 

v 7 0 0 0 1 0 0 1 
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G = (V, E) if we add ( v i , v i ) ∈ E for any i ∈ {1, 2, ���, n }. More im-

portance is that the formal context FC ( G ) (or M ) satisfy following

notable properties. 

1. Reflexivity : ∀ v i ∈ V, I(v i , v i ) = 1( or m ii = 1) ; 

2. Symmetry : ∀ v i , v j ∈ V, I(v i , v j ) = I(v j , v i )( or m i j = m ji ) . 

Example 1. Fig. 4 presents an undirected graph G = (V, E) , the for-

mal context of G = (V, E) is constructed in Table 2 based on the

definition of Modified Adjacency Matrix. 

4.2. Formal concept analysis on F C(G ) = (V , V , I) 

In formal concept analysis, for any formal context T = (O, A, R ) ,

there exist two mappings induced from T to obtain all formal con-

cepts [29] , i.e., 

↑ : P (O ) −→ P (A ) , 

X �→↑ (X ) � X 

↑ = { a ∈ A |∀ x ∈ X, R (x, a ) = 1 };
↓ : P (A ) −→ P (O ) , 

Y �→↓ (Y ) � Y ↓ = { x ∈ O |∀ a ∈ Y, R (x, a ) = 1 } , 
where P ( A ) and P ( O ) are power sets of O and A , respectively. Based

on the two mappings, a formal concept of T = (O, A, R ) is formal-

ized as the pair ( X, B ) ∈ O × A such that X ↑ = B and B ↓ = X, X is

called the extent of the concept, B is called the intent of the con-

cept. 

In the formal context F C(G ) = (V , V , I) of an undirected graph

G = (V, E) , the above mentioned mapping can be rewritten by 

↑ : P (V ) −→ P (V ) , 

X �→↑ (X ) � X 

↑ = { v j ∈ V |∀ v i ∈ X, I(v i , v j ) = 1 };
↓ : P (V ) −→ P (V ) , 

Y �→↓ (Y ) � Y ↓ = { v i ∈ V |∀ v j ∈ Y, I(v i , v j ) = 1 } . 
Because I of F C(G ) = (V , V , I) satisfies symmetry, the following

property can be obtained. 

Property 1. In the formal context F C(G ) = (V , V , I) of an undirected

graph G = (V, E) , for any X ∈ V , X ↑ = X ↓ . 

Proof. In F C(G ) = (V , V , I) , I satisfies symmetry, this means

({ v i } ) ↑ = { v j ∈ V | I(v i , v j ) = 1 } = { v j ∈ V | I(v j , v i ) = 1 } = ({ v i } ) ↓ for

any v ∈ V , accordingly, for any X ⊆V , 
i 
 

↑ = { v j ∈ V |∀ v i ∈ X, I(v i , v j ) = 1 } 
= 

⋂ 

v i ∈ X 
{ v j ∈ V | I(v i , v j ) = 1 } 

= 

⋂ 

v i ∈ X 
({ v i } ) ↑ 

= 

⋂ 

v i ∈ X 
({ v i } ) ↓ 

= 

⋂ 

v j ∈ X 
({ v j } ) ↓ 

= { v i ∈ V |∀ v j ∈ X, I(v i , v j ) = 1 } 
= X 

↓ . 

his is the complete proof. �

Based on Property 1 and properties of ↑ and ↓ in formal con-

ept analysis [9] , the following property can be obtained. 

roperty 2. In the formal context F C(G ) = (V , V , I) of an undirected

raph G = (V, E) , for any X 1 , X 2 ∈ V , 

1. X 1 ⊆ X 
↑↑ 
1 

= X 
↓↓ 
1 

= X 
↑↓ 
1 

= X 
↓↑ 
1 

; 

2. X 
↑ 
1 

= X 
↓ 
1 

= X 
↑↑↑ 
1 

= X 
↓↑↑ 
1 

= X 
↓↓↓ 
1 

= X 
↑↓↓ 
1 

; 

3. if X 1 ⊆X 2 , then X 
↑ 
2 

⊆ X 
↑ 
1 

and X 
↓ 
2 

⊆ X 
↓ 
1 

; 

4. X 1 ⊆ X 
↑ 
2 

if and only if X 2 ⊆ X 
↓ 
1 

; 

5. (X 1 ∪ X 2 ) 
↑ = (X 1 ∪ X 2 ) 

↓ = X 
↑ 
1 

∩ X 
↑ 
2 

= X 
↓ 
1 

∩ X 
↓ 
2 

; 

6. X 
↑ 
1 

∪ X 
↑ 
2 

= X 
↓ 
1 

∪ X 
↓ 
2 

⊆ (X 1 ∩ X 2 ) 
↑ = (X 1 ∩ X 2 ) 

↓ . 

In F C(G ) = (V , V , I) , Properties 1 and 2 induced the following

orollary about its formal concepts. 

orollary 1. For any V 1 , V 2 ∈ V, if ( V 1 , V 2 ) is a formal concept

f F C(G ) = (V , V , I) , then ( V 2 , V 1 ) is a formal concept of F C(G ) =
(V , V , I) . 

roof. Because ( V 1 , V 2 ) is a formal concept of F C(G ) = (V , V , I) ,

e have V 
↑ 
1 

= V 2 and V 
↓ 
2 

= V 1 . According to Property 1 , we obtain

 

↓ 
1 

= V 2 and V 
↑ 
2 

= V 1 , this means that ( V 2 , V 1 ) is a formal concept

f F C(G ) = (V , V , I) . �

According to Corollary 1 , all formal concepts of F C(G ) = (V , V , I)

an be roughly divided as two classes: 

1. The extent of the concept is equal to the intent of the concept,

i.e., the formal concept ( V 1 , V 1 ) such that (V 1 ) 
↑ = (V 1 ) 

↓ = V 1 ;

This kind of concept is called as Equiconcept proposed in our

previous work [26] . 

2. The extent of the concept is not equal to the intent of the

concept, i.e., formal concepts ( V 1 , V 2 ) and ( V 2 , V 1 ) such that

(V 1 ) 
↑ = V 2 and (V 2 ) 

↓ = V 1 . 

These can be seen from all formal concepts of Table 2 (shown

n Fig. 5 ), in which, formal concepts 1 ©, 3 ©, 4 ©, and 6 © (( v 1 , v 1 ))

uch that item 1), formal concepts 2 © and 5 © such that item 2). 

.3. A binary relation on vertices set of an undirected graph 

To show more detail structure properties of F C(G ) = (V , V , I) (or

he undirected graph G = (V, E) ), in this subsection, we define a

apping from vertices set V to its power set P ( V ), then we induce

n reflexive and transitive relation on V based on the mapping, and

nalyze several interesting properties of the relation on V . 

For any formal context F C(G ) = (V , V , I) (or undirected graph

 = (V, E) ), the following mapping from V to P ( V ) can be induced

y the mapping ↑ from P ( V ) to P ( V ), i.e., 
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Fig. 5. All formal concepts of Table 2 . 

Fig. 6. S ↑ ( v i ) of G = (V, E) ), e.g. , S ↑ (v 6 ) = { v 2 , v 5 , v 6 } , S ↑ (v 4 ) = S ↑ (v 7 ) = { v 4 , v 7 } . 
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Table 3 

R of G = (V, E) . 

Vertex v 1 v 2 v 3 v 4 v 5 v 6 v 7 

v 1 1 0 0 0 0 0 0 

v 2 0 1 0 0 1 0 0 

v 3 0 1 1 0 1 0 0 

v 4 0 0 0 1 0 0 1 

v 5 0 1 0 0 1 0 0 

v 6 0 1 0 0 1 1 0 

v 7 0 0 0 1 0 0 1 
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 ↑ : V −→ P (V ) , 

v i �→ S ↑ (v i ) = { v j | v j ∈ V ∧ v j ∈ ({ v i } ) ↑↑ } . (2) 

xample 2. According to Table 2 and Eq. (2) , we have S ↑ (v 1 ) =
 v 1 } , S ↑ (v 2 ) = { v 2 , v 5 } , S ↑ (v 3 ) = { v 2 , v 3 , v 5 } , S ↑ (v 4 ) = { v 4 , v 7 } ,
 ↑ (v 5 ) = { v 2 , v 5 } , S ↑ (v 6 ) = { v 2 , v 5 , v 6 } and S ↑ (v 7 ) = { v 4 , v 7 } . 

Intuitively, for any v i ∈ V, S ↑ ( v i ) means that there must be

n edge for each pair of vertices in S ↑ ( v i ) induced by the ver-

ex v i of G = (V, E) ), such as in Fig. 6 , S ↑ (v 6 ) = { v 2 , v 5 , v 6 } means

hat there exist edges for ( v 2 , v 5 ), ( v 2 , v 6 ) and ( v 5 , v 6 ). Similarly,

 ↑ (v 4 ) = S ↑ (v 7 ) = { v 4 , v 7 } means that the both vertices v 4 and v 7 
an induce a 2-clique, i.e., ({ v 4 , v 7 }). Based on the mapping S ↑ , we

an define a binary relation R on V as follows: for any v i , v j ∈ V , 

 (v i , v j ) = 

{
1 , if v j ∈ S ↑ (v i ) , 
0 , if v j / ∈ S ↑ (v i ) . 

(3) 

ormally, the binary relation R decided by Eq. (3) shows relative re-

ation among vertices of G = (V, E) , i.e., all vertices in which there

xist edges each other own relation R , more important is that R

atisfies the following property. 

roperty 3 [28] . In the formal context F C(G ) = (V , V , I) of an undi-

ected graph G = (V, E) , R is decided by Eq. (3) , then 

1. For any v i , v j ∈ V, if v j ∈ S ↑ ( v i ), then S ↑ ( v j ) ⊆S ↑ ( v i ) ; 
2. The binary relation R on V is reflexive and transitive. 

xample 3. In Example 2 , due to v 2 ∈ S ↑ ( v 3 ), we have S ↑ (v 2 ) =
 v 2 , v 5 } ⊂ S ↑ (v 3 ) = { v 2 , v 3 , v 5 } . Due to v 2 ∈ S ↑ ( v 6 ) and v 5 ∈ S ↑ ( v 2 ),
e have R (v 6 , v 2 ) = 1 and R (v 2 , v 5 ) = 1 , respectively, furthermore,

e also have R (v 6 , v 5 ) = 1 due to v 5 ∈ S ↑ ( v 6 ), i.e., R (v 6 , v 2 ) = 1

nd R (v 2 , v 5 ) = 1 imply R (v 6 , v 5 ) = 1 . Due to v 6 	∈ S ↑ ( v 2 ), we have

 (v 2 , v 6 ) = 0 , this means that R is not symmetrical. R of Fig. 4 is

hown in Table 3 . 
According to Table 3 , in { v 2 , v 5 }, { v 2 , v 3 , v 5 }, { v 2 , v 5 , v 6 } or { v 4 ,

 7 }, there exist edges each other, respectively, these can also be

een from Fig. 6 . 

roperty 4. In the formal context F C(G ) = (V , V , I) of an undirected

raph G = (V, E) , S ↑ is decided by Eq. (2) , for any v i ∈ V, S ↑ ( v i ) is a
 S ↑ ( v i )| -clique in G = (V, E) . 

roof. According to the mapping ↑ and Eq. (2) , we have 

 ↑ (v i ) = ({ v i } ) ↑↑ = (({ v i } ) ↑ ) ↑ = ({ v l ∈ V | I(v i , v l ) = 1 } ) ↑ 
= { v j ∈ V |∀ v l ′ ∈ { v l ∈ V | I(v i , v l ) = 1 } , I(v l ′ , v j ) = 1 } . 

n which, on the one hand, v i ∈ { v l ∈ V | I(v i , v l ) = 1 } and v i ∈
 ↑ ( v i ) is obvious. On the other hand, for any v j ′ , v j ′′ ∈ S ↑ (v i ) ,
(v i , v j ′ ) = 1 due to v i ∈ { v l ∈ V | I(v i , v l ) = 1 } , hence, we have v j ′ ∈
 v l ∈ V | I(v i , v l ) = 1 } , this means I(v j ′ , v j ′′ ) = 1 due to v j ′ ∈ { v l ∈
 | I(v i , v l ) = 1 } and v j ′′ ∈ S ↑ (v i ) , i.e., for any vertices v j ′ , v j ′′ ∈
 ↑ (v i ) ⊂ V, there exists an edge (v j ′ , v j ′′ ) ∈ E, hence, S ↑ ( v i ) is a

 S ↑ ( v i )|-clique in G = (V, E) . �

Based on Property 4 and Eq. (3) , the following corollary is ob-

ious. 

orollary 2. In the formal context F C(G ) = (V , V , I) of an undi-

ected graph G = (V, E) , for any v i ∈ V, we denote R (v i , ∗) = { v j ∈
 | R (v i , v j ) = 1 } , then R ( v i , 

∗) is a | R ( v i , 
∗)| -clique in G = (V, E) . 

xample 4. In Fig. 6 , { v 1 } is 1-clique in G = (V, E) , { v 2 , v 5 } and

 v 4 , v 7 } are 2-clique in G = (V, E) , { v 2 , v 3 , v 5 } and { v 2 , v 5 , v 6 } are

-clique in G = (V, E) . 

.4. The topological structure of an undirected graph 

Based on the reflexive and transitive relation R on V of G =
(V, E) , we will construct a topological space of vertices set V in

his subsection. Formally, a reflexive and transitive relation on a

et can be used to induce covering approximation space [30–32] .

n our previous work [28] , the reflexive and transitive relation on

 set has been used to construct an approximation space and a

opology for attributes of a formal context, respectively, and a base

or the topology can be adopted to generate intensions of all for-

al concepts of the formal context and construct the formal con-

ept lattice. Inspired by the method, here we will construct a topo-

ogical space of vertices set V by using the reflexive and transitive

elation R to represent relationships and the hierarchical structures

f an undirected Graph G = (V, E) , and provide several interesting

esults to show topological analysis of undirected graph. 

efinition 4. In the formal context F C(G ) = (V , V , I) of an undi-

ected graph G = (V, E) , for any subgraph V 1 ⊆V , lower vertices ap-

roximations of V 1 is 

 (V 1 ) = { v i ∈ V | R (v i , ∗) ⊆ V 1 } . (4) 

According to R (v i , ∗) = { v j ∈ V | R (v i , v j ) = 1 } = S ↑ (v i ) and

roperty 3 .(1), R ( V ) can also be rewritten by 
1 
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Table 4 

Formal context of Fig. 2 . 

Vertex A B C D E F G H I J K L M N O P 

A 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 

B 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 

C 1 1 1 1 1 0 0 0 1 0 0 0 0 0 0 0 

D 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 

E 1 1 1 1 1 0 0 0 1 1 1 0 0 0 0 0 

F 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 

G 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 

H 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 

I 0 0 1 0 1 0 1 1 1 0 1 1 0 0 0 0 

J 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 0 

K 0 0 0 0 1 0 0 0 1 1 1 1 0 0 0 0 

L 0 0 0 0 0 0 0 0 1 0 1 1 1 1 0 1 

M 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 

N 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 

O 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 1 

P 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 

 

r  

b  

t  

t  

o

R (V 1 ) = { v i ∈ V | R (v i , ∗) ⊆ V 1 } 
= { v i ∈ V | S ↑ (v i ) ⊆ V 1 } 
= 

⋃ 

S ↑ (v i ) ⊆V 1 

S ↑ (v i ) . (5)

Example 5. Let us take the Fig. 2 as an example for illustrating

the lower vertices approximations of a subgraph V 1 ⊆V . First, the

formal context of this social graph is constructed with modified

adjacency matrix as shown in Table 4 . 

Further, the corresponding formal concept lattice can be easily

obtained as shown in Fig. 7 . Note that the formal concepts with

the annotations are equiconcepts. 

Suppose two subgraphs V 1 , V 2 including the vertices A, B, C,

D, E and the vertices L, M, N, O, P , i.e., V 1 = { A, B, C, D, E} , V 2 =
{ L, M, N, O, P } , the lower vertices approximation can be ob-

tained R (V 1 ) = { A, B, C, D, E} and R (V 2 ) = { L, M, N, O, P } according to

Eq. (5) . 

Theorem 1 [28] . For any formal context F C(G ) = (V , V , I) of undi-

rected graph G = (V, E) , 

1. T R = { R (V 1 ) |∀ V 1 ⊆ V } is a topology for V, and ( V, T R ) is a topolog-

ical space for V; 

2. B = { S (v ) | v ∈ V } is a base for the topology T . 
R ↑ i i R 

Fig. 7. The formal concept lattice of Fig. 2 ( Remark: The 
Theorem 1 means that any undirected graph G = (V, E) can be

epresented by its topology T R = { R (V 1 ) |∀ V 1 ⊆ V } , which is induced

y the binary relation R decided by Eq. (3) , it is more important

hat the topology T R = { R (V 1 ) |∀ V 1 ⊆ V } for V can be generated by

he base B R = { S ↑ (v i ) | v i ∈ V } , which is obtained from every vertex

f V according to Eq. (2) . 
concepts with the annotations are the equiconcepts ). 
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Fig. 8. Iceberg concept lattice (“red ” nodes denote the cliques). (For interpretation 

of the references to colour in this figure legend, the reader is referred to the web 

version of this article.) 
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According to Property 3 . (1), we have the following corollary. 

orollary 3. For any v i , v j ∈ V, if v j ∈ S ↑ ( v i ) and v i ∈ S ↑ ( v j ), then

 ↑ (v i ) = S ↑ (v j ) . 

Due to S ↑ ( v j ) is a | S ↑ ( v i )|-clique in G = (V, E) by Property 4,

orollary 3 means that v i and v j generate the same k -clique in

 = (V, E) , i.e., 

orollary 4. If v i and v j are in a k-clique in G = (V, E) , then S ↑ (v i ) =
 ↑ (v j ) and they are the k-clique in G = (V, E) . 

According to Theorem 1 2) and Corollary 4 , we have the follow-

ng corollary. 

orollary 5. Any undirected graph G = (V, E) can be generated by its

ll k-clique in G = (V, E) , where 1 ≤ k ≤ | V | . 

xample 6. Regarding to the above formal context, 31 formal con-

epts including 9 equiconcepts are extracted by using the formal

oncept lattice mining algorithm [33] . Without the loss of gen-

rality, for two vertices C and I 3-clique ({ C, E, I }, { C, E, I }), the

appings S ↑ ( C ) and S ↑ ( I ) can be easily induced from C and I , i.e.,

 ↑ (C) = { A, B, C, D, E} and S ↑ (I) = { I} . 

.5. Iceberg concept lattice mining 

Iceberg concept lattice is a partially-ordered lattice formed by

requent concepts under a certain support degree. It clearly de-

cribes the correlations between frequent concepts. Therefore, this

ection focus on the study of iceberg concept lattice mining and

he correlations between the concepts in this lattice. By revealing

he correlations between concepts, we can easily find the iceberg

liques in a given large graph. 

This section first recalls the related definitions of concept, fre-

uent concept. Further, the basic definition of iceberg concept lat-

ice is formally provided. 

efinition 5 (Frequent Concept) . For a concept C , let supp(C) =
 X| / | O | be the support degree of concept C , if supp ( C ) ≥ minsupp

 minsupp is a minimal support degree (0,1] given by user), then

 is called a frequent concept with the support degree of intent,

amely supp ( B ). And let ̂ C (T ) denotes the set of all frequent con-

epts with respect to formal context T . 

efinition 6 (Iceberg Concept Lattice) . An iceberg concept lattice

 = ( ̂  C (T ) , ≤) can be obtained by all frequent concepts ̂ C (T ) of a

ontext T with the partial order ≤ . Its graphical representation is

 Hasse diagram. 

xample 7. Let us continue with Example 1 , we can build the ice-

erg concept lattice of the graph g , denoted as L = ( ̂  C (F C(g)) , ≤) .

ig. 8 shows an iceberg concept lattice (minsupp = 25%) extracted

rom Fig. 4 . 

Obviously, the above iceberg concept lattice contains the top-

ost concepts of the concept lattice. And, these concepts will pro-

ide the most global structure of the domain since all the concepts

n the lattices are the frequent concepts. 

.6. Iceberg Clique queries and algorithm 

According to the problem statement of IC queries , the goal of IC

ueries is to find out the special cliques which satisfy that 1) the

uery results should be all cliques; 2) the number of vertices in

hese cliques is greater than � θ | V | � . 
This section introduces the concepts of Iceberg Equiconcept and

 -Iceberg Equiconcept, then provides several interesting theorems

nd properties about IC queries with k -Iceberg Equiconcepts as the

uery index. 
efinition 7 (Iceberg equiconcept) . For a formal context T =
(O, A, R ) , if a pair ( X, B ) satisfies X ↑ = B, B ↓ = X, X = B, and 

| X| 
| O | ≥ θ

hen the pair ( X, B ) is an Iceberg Equiconcept, where X is called

he extent of the iceberg equiconcept, B is called the intent of the

ceberg equiconcept. And let IC ( T ) denotes the set of all iceberg

quiconcepts with respect to formal context T . 

efinition 8 (k-Iceberg equiconcept) . For a formal context T =
(O, A, R ) , if a pair ( X, B ) satisfies X ↑ = B, B ↓ = X, X = B, and | X| =
 B | = k ≥ � θ | O |� , then the pair ( X, B ) is a k -iceberg equiconcept,

here X is called the extent of the k -iceberg equiconcept, B is

alled the intent of the k -iceberg equiconcept. And let KIC ( T ) de-

otes the set of all k -iceberg equiconcepts with respect to formal

ontext T . 

Clearly, the process of IC queries is similar to the identification

f k -Iceberg Equiconcepts. Therefore, a theorem of IC queries in a

arge graph is provided as follows. 

heorem 2. Given a graph G, iceberg clique queries with a threshold

is equivalent to mining two types of iceberg equiconcepts: a) explicit

ceberg cliques are generated from k-iceberg equiconcepts; b) implicit

ceberg cliques are derived from k + 1 -iceberg equiconcepts, k + 2 -

ceberg equiconcepts, ���, M-iceberg equiconcepts (M > k). M is the

umber of maximum extent or intent of maximum iceberg equicon-

epts. 

roof. For an IC query with a threshold θ ∈ (0, 1] in a graph G , we

xpect all the obtained cliques satisfy one key condition: the num-

er of vertices is equal or greater than � θ | O | � . In other words, all

he iceberg equiconcepts in the iceberg concept lattice satisfy this

ondition, and these special concepts are regarded as the explicit

ceberg cliques. Additionally, some hidden implicit iceberg cliques

an be derived from its corresponding high-order iceberg con-

epts, k + 1 -iceberg equiconcepts, k + 2 -iceberg equiconcepts, ���,

 -iceberg equiconcepts ( M > k ). For example, the explicit iceberg

liques queries( Q = (g, 0 . 25) ) in Fig. 4 are easily detected accord-

ng to its iceberg concept lattice, i.e., ({4, 7}, {4, 7}), ({2, 5, 6}, {2,

, 6}), ({2, 3, 5}, {2, 3, 5}) are the explicit iceberg cliques. However,

e can derive more iceberg cliques from ({2, 5, 6}, {2, 5, 6}) and

{2, 3, 5}, {2, 3, 5}), such as ({2, 3}, {2, 3}), ({2, 5}, {2, 5}), ({2, 6}, {2,

}), ({3, 5}, {3, 5}), and ({5, 6}, {5, 6}). But, they are not concepts,

hey do not appear in the iceberg concept lattice of the graph g .

ence, for an IC query ( Q = (g, 0 . 25) ), the iceberg cliques are the

nion of explicit and implicit iceberg cliques, i.e., ({4, 7}, {4, 7}),
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Fig. 9. IC query precision evaluation for datasets. 

Fig. 10. IC query recall evaluation for datasets. 
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({2, 5, 6}, {2, 5, 6}), ({2, 3, 5}, {2, 3, 5}), ({2, 3}, {2, 3}), ({2, 5}, {2,

5}), ({2, 6}, {2, 6}), ({3, 5}, {3, 5}), and ({5, 6}, {5, 6}). �

Based on the above theorem of IC queries in a large graph, we

devised Algorithm 1 as follows. 

Algorithm 1 Iceberg Clique queries algorithm. 

Require: 

G = (V, E) ; 

Parameter θ ∈ (0 , 1] ; 

Ensure: 

Set of Iceberg Cliques Q

1: Initialize Q = ∅ 
2: begin 

3: Construct a formal context F C(G ) by Definition 3 

4: Build a concept lattice L = ( ̂  C (F C(G )) , ≤) 

5: end

6: for each concept (X, B ) ∈ ̂

 C (F C(G )) 

7: begin 

8: if | X| = | B | ≥ � θ | V |� 
9: Q ← Q ∪ (X, B ) 

10: k ← � θ | V |� 
11: for i = k +1 to M do 

12: begin 

13: Q ← Q ∪ Deri v ed((X i , B i ) ) 

14: end

15: end 

Algorithm 1 works as follows: Initially, a graph G and a parame-

ter θ are the inputs of whole algorithm; Then, we initialize a set of

iceberg cliques with Q (Line 1). After the initialization of algorithm,

it goes into the formal context construction and iceberg concept

lattice generation codes part (Line 2–5). Line 6–9 find the explicit

iceberg cliques by inserting the k -iceberg equiconcepts ( X, B ) into

Q . The implicit iceberg cliques are derived from other high order

k -iceberg equiconcepts and are inserted into Q (Line 10–14). 

5. Experimental results and evaluation 

The proposed approach deals with the queries of iceberg cliques

based on iceberg concept lattice in large graphs. Our method con-

structs an efficient query index–iceberg concept lattice for getting

better query efficiency. The performance of the proposed algorithm

is evaluated in this section under different evaluation criteria. All

algorithms are implemented in JAVA language and executed on an

Intel core i5-3740 processor, 3.6 GHZ, 8 GB RAM computer. 

5.1. Data sets 

Karate Club Members Networks (Karate). This is a classical so-

cial network of friendships between 34 members of a karate club

at a US university in the 1970s. The vertices are club members and

the edges are their social interactions. This graph has 34 vertices

and 78 edges. 

Dolphin Living Networks (Dolphin). This is a small-size

dataset on the social network of frequent associations between 62

dolphins in a community living off Doubtful sound, New Zealand.

This graph contains 62 vertices and 159 edges. 

Jazz Musicians Social Networks (Jazz). This dataset is obtained

from The Red Hot Jazz Archive digital database. It is a network of

Jazz musicians including 198 vertices and 5484 edges. 

We execute a series of queries on each graph according to

different setting of threshold θ . Without loss of generality, we

choose the θ ranged from 0.02 to 0.2 with 0.02 step length,

i.e., θ = { 0 . 02 , 0 . 04 , 0 . 06 , 0 . 08 , 0 . 1 , 0 . 12 , 0 . 14 , 0 . 16 , 0 . 18 , 0 . 2 } . 
.2. Performance evaluation 

The performance evaluation of the proposed approach, mainly

eals with high precision/recall for query operations. Thus the pre-

ision and recall of query operations are concentrated more on the

pproach. The three dataset are tested with the proposed iceberg

liques query algorithm. The responses of the datasets according

o the proposed approach are detailed in the following graph. The

xperimentation is conducted on different threshold in the dataset.

or a given threshold θ that receives a list of iceberg cliques, pre-

ision and recall are defined as follows: 

• Precision is the ratio of the number of relevant iceberg cliques

in the IC queries results. 

• Recall is the ratio of the number of relevant iceberg cliques in

the IC queries results to the total number of relevant iceberg

cliques. 

• F1-Score is used to evaluate how well each algorithm can find

the iceberg cliques from a graph by fitting the Precision and Re-

call , denoted as F 1 = 

2 ∗Precision ∗Recall 
Precision + Recall 

. 

For IC query precision evaluation in Fig. 9 , we separately plot

he precision curves for all the datasets. As shown, the precision of

C queries for each dataset improves as the threshold θ increases.

n particular, the precision of IC queries for the large graph dataset

azz reaches the 100% when we find out the iceberg cliques where

he number of vertices exceeds the 11. Similarly, as the thresh-

ld θ increases, recall for large datasets in Fig. 10 increases in

eneral. For a large graph Jazz , the recall of the IC queries gets

00% when θ ≥ 0.06. Moreover, we also evaluate the proposed
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Fig. 11. IC query F1-score evaluation for datasets. 
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lgorithm for three datasets in terms of F1-Score that is used to

valuate how well each algorithm can find the iceberg cliques from

 graph. Fig. 11 reports that our algorithm can identify the iceberg

liques efficiently with increase of threshold θ . 

The unique feature of the iceberg concept lattice based IC

ueries approach is that it can easily find out the iceberg cliques

ia constructed query index–k-Iceberg Equiconcept . The proposed

lgorithm represents a high robustness and scalability for a large

cale graph according to the above performance analysis. 

. Conclusions 

In this paper, we aim to address the query problem of iceberg

liques ( IC queries ) in large graphs. We propose the iceberg con-

ept lattice based iceberg cliques detection algorithms. To devise

roposed detection algorithms, we first provide a solution for for-

al context construction of a social network by using Modified

djacency Matrix. Then, it is proved that the IC queries problem

s equivalent to finding the iceberg equiconcepts whose number of

lements exceeds � θ | V | � . We evaluate the proposed algorithm us-

ng three datasets. Experimental results show that proposed algo-

ithm has a high robustness and scalability for a large graph. 
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